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授課大綱授課大綱

回顧• 回顧
– 微分方程和商品評價的關係

• Black Scholes PDE

• 偏微分方程求解
– Explicit method:和樹狀結構相似

• Stable conditionsStable conditions
• 變數變換

– Implicit methodImplicit method
– Crank-Nicolson Method:前兩者的結合
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使用Ito’s formula 
推導衍生性商品價格P的隨機過程

• By Black-Scholes assumption 
where dz is a standard Brownian motion.
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• By Ito lemma• By Ito lemma
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Black Scholes Differential EquationBlack-Scholes Differential Equation
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美式賣權的PDE及邊界條件美式賣權的PDE及邊界條件

The Black-Scholes differential equation for 
American puts is

0)(1
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denotes the option value at time    if it is not 
exercised for the next instant of time.
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使用數值方法解偏微分方程使用數值方法解偏微分方程

並非所有的偏微分方程都有公式解• 並非所有的偏微分方程都有公式解

• 對於無法求公式解的方程 可用數值方法逼對於無法求公式解的方程,可用數值方法逼
近

E li it th d 和樹狀結構評價法接近– Explicit method: 和樹狀結構評價法接近

– Implicit method: 解方程式

– Crank-Nicolson Method: 上述兩種方法的混合
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Explicit Methods簡介x

ji ,1+θ
考慮

已知 time j 求 time j+1
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代入 0)/()/( 22 =∂∂−∂∂ txD θθ
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When the stability condition is satisfied, the 
coefficients for        ,      ,and        all lie between ji ,1+θ ji ,θ ji ,1−θ
zero and one and sum to one. They can therefore 
be interpreted as probabilities.
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使用Explicit Method 評價選擇權使用Explicit Method 評價選擇權
以賣權為例
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0 Boundary conditions0 Boundary conditions
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Backward
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改寫Black Scholes PDE改寫Black Scholes PDE

The Black-Scholes differential equation is
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Stable ConditionsStable Conditions
0Stable

1

0>b 0>c0>a
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Since a>0 Since b>0

如果boundary condition 沒取好 S的值太大或太小導致a 或b
小於零 - 出現不合理的結果
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S太大導致b值為負

13

S太大導致b值為負
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如何修改?如何修改?

當 太大 左式不能滿足
1• 當S太大,左式不能滿足

2

1 0.04167
( )

tSr
S

σ > Δ =
+

ΔSΔ

• 將切的期數增加(Δt↓)
• 參見 hull18 2-2 xls• 參見 hull18.2-2.xls
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⎝ ⎠

PDE的變數變換PDE的變數變換
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繼續持有的價值

提前履約的價值
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程式撰寫程式撰寫

Along the     axis, the grid will span from         to       
at        apart for some suitably 

V minV
VNV Δ×+min VΔ p y

small        ; hence boundary conditions at the 
lower                  and upper

min

minV
)( minVV = )( min VNVV Δ×+=

boundaries will have to be specified.
請參見 hull18 3 xls

)( min

請參見 hull18.3.xls
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The Explicit SchemeThe Explicit Scheme

The Black-Scholes differential equation is
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0Stable 0>b 0>c0>a

VΔ>2
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Since a>0 Since b>0Since b 0

優點: a,b,c>0的條件和S (or V) 無關,  取boundary condition不用
考慮a or b <0 的問題
只要△V和△t夠小即可
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Deep in the Money 邊界條件Deep in the Money 邊界條件

由於取指數原因 的.     由於取指數原因,  S 的lower bound >0    

不能直接設成X
Deep in the money

0,U j

Deep in the money
Put : 趨近於-1

S
P
∂
∂ 1, 0, 1j jU U

S
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j min min
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j jU U e e+Δ= + −
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Deep OTM 邊界條件Deep OTM 邊界條件

For the upper boundary, we set                 .
is set to the greater of the value derived above 

01, =−jNU
jiU , g

and                       for early-exercise 
considerations. 

j,
ViVeX Δ×+− min
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Implicit Methods
θ

x

1,1 ++ jiθ
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The value of any one of the three quantities at       
cannot be calculated unless the other two are 
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known.
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使用解方程式的方法求值使用解方程式的方法求值

Suppose the boundary conditions are given
at             and                .0xx = 1+= Nxx
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Crank Nicolson MethodCrank-Nicolson Method

Taking the average of explicit method and implicit 
method results in
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使用解方程式的方法求值
Suppose the boundary conditions are given
at             and                .0xx =

1+= Nxx
0, 1, 2, 0, 1(2 2)
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where 1a γ≡ +

使用Implicit Method解變數變換後的
Black Scholes PDE
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The system of equations can be written in matrix form:The system of equations can be written in matrix form:
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(See the proof in the next slide)
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(See the proof in the next slide)

1,1,2,1,0 +=++ jjjj UcUbUaU

1, 2, 1, 1 1, 0,( ) + ( )j j j j ja b U cU U a U U++ + = −

Deep in the money  
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