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+ By Black-Scholes assumption dS= (- q)Sdt + 00z
where dz is a standard Brownian motion.
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Black-Scholes Differential Equation
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The Black-Scholes differential equation for
American puts is
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where P(S,T)=max(X —S,0) and

P(S,t) =max(P(S,t),X =S) for t<T.

P denotes the option value at time t if it is not
exercised for the next instant of time.

(P BT s

o WIETERUREL DT AP T VR
o SEPRTIT ORI Y SRR T R R

o
— Explicit method: AT i+ 3 T
— Implicit method: #%, ="
— Crank-Nicolson Method: 7 @7 3% F‘fﬁﬁiﬁ

B 5 B 6
x Explicit Methods i /7
9i+1,j .
e H D(BZQ/BXZ)_(aelat)zo [,—'D R D(BZH/BXZ)—(BQ/E)'[)ZO
i i,j+l
AX=X =Xy  Atst -t Oin=0i _50ni=26,+6,;
04 At (AX)?
t Rearrange as
DAt 2DAt DAt
90(x) e 00 =000 | o i = g G T G100 F g2 O
ot At The explicit methoWrically unstable unless
2 —
8 9()2(,1:) |X= = 0(‘+litj) ZQ(X ’:j)+6()§—1’tj) +O[(AX)2] At S (AX)Z /(2D)
oX % (AX) 7 I 8




DAt

i |Explicit Method = fgf:¥
01 &Y’
S
2D
1-—

gi’j (A)‘)z ei,j+1 0

DA
Hi—l,j AX)*

When the stability condition is satisfied, the
coefficients for&..; ,6,
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zero and one and sum to one. They can therefore
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be interpreted as probabilities.
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The Black-Scholes differential equation is Stable> a>0 b>0 c>0
1 ,.,0°P oP oP
EO- S gﬁ'(r—Q)S%—rP‘FE—O i> r_2q ](-)S > At
1 o Pus—2P, R, Pai=Pas_ o . PuPun AS o ()
~o?s* b+ (r-g)S— 1R +——1==0 AS
2 (AS) 2AS ’ At Since a>0 Since b>0
for 1<i<N-1 Rj.=max(@R_;+bR;+cP, ;,X-§ )
where
a=

ﬁ z_(r—Q)S ﬁ —1_ _ § 2 CE[(§)2+(V—Q)S g
() —"xg 15 bP=1-rat ()M AS

{1l boundary condition J2XV{+ > Sfiufifi-AEY ] EF<a Eb
A > LT AR
AS ] 2

BH 11

LA




A B C D E F G H I I K

1 s X I vol T delta §  deltat q
2 50 : 50 0.1 0.4 0.41667 .5 0.04.167 0 '_3 r Q‘_ IS
i .S;Zj;{sgnce 5 Time to mal‘u;;;[ (mom:ﬁ;‘) L5 , s , i/l:[ IFI [l-/’/ EI ;"?
5 109 0 0 0 ] 0 0 ]
1|2 ou o oo o | o T 1
24 5 — Al”Z _}\_}\ J:r‘ ?\: \;\: i
8] & | o o[0T 1o [0 — o5, > At=004167 Hy S, 5 P R e
0| 75 046 0 0 0 0 0 0 r+ (—)
1n| 7 032 0.09 0 0 o 0 0 AS
12 85 0.91 021 0.14 0 4] 0 0
13 a0 1.48 065 042 0.27 0 0 ]
14 55 2.59 1.5 1.24 09 0.59 0 0
6w e s e s sw e s * JRTIRYIREHT (AL
17 40 10.28 10 10 10 10 10 10 o
B3 | »  m  m  »  w « 2l hull18.2-2.xIs
20 25 25 23 23 25 25 23 25
21 20 20 30 30 30 30 30 30 l i (5=95) l
2l sl lstls sl < ‘ 7 =0.017283> At = 0.0104
4 5 45 45 45 45 45 45 45 r+ (7)2 0 1+(0.4X 95j
25 2 50 50 50 50 50 50 50 AS . 5
c8 0.92217%%\%920833 0.;9875 13 et AI 14
K15 0.455 (1035833 0.505
ELD 0.71875 0.504167 0.78125
PDE~ g AAETRY
Change of variable V =In S U(V,t)=P(e',t) Along the V axis, the grid will span from V__. to
. AV [
P U P 19U 2P 19U 19U V., +NxAV at apart for some suitably
Eriaiee S-S v ST SZayE oy small V.. ; hence boundary conditions at the
tod lower (V =V_ ) and upper (V =V, + NXAV)
1 ,0WU o2 oU ouU boundaries will have to be specified.
—0 >+ (r-qg-——)—-ru+—=0
2 oV 20V ot
subjectto U (V,T)=max(X —e",0) and
UV,t)=maxU (V,t),X -e') t<T
U] 15 B 16




1
2

The Explicit Scheme

The Black-Scholes differential equation is
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For the upper boundary, we set U, ,=0Q

U, , is set to the greater of the value derived above
and X —€"™"™ for early-exercise
considerations.
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Implicit Methods
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The value of any one of the three quantities at t;;

cannot be calculated unless the other two are
known.
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Suppose the boundary conditions are given
at X=Xy and X=Xy,;.
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Crank-Nicolson Method

Taking the average of explicit method and implicit
method results in
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The system of equations can be written in matrix form:
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