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Payoffs depend on other more fundamental assets:
e Underlying assets

Commodity

Index

Interest rate

Other derivatives
Four types of derivatives
Forwards(im H{5757)
Futures(H £7)
Swaps(® 1 5 59)
Options(: 15/ 1)
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Terms:

Maturity date:Z[JH]F !
Strike price: #74 [E‘TF‘[
Underlying asset: &Y%
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Interest Rate Parity i Arbitrage Opportunity T
F (R-R,)T
e Terms: * Assumeg>e
e S: Spot exchange rate (Domestic/Foreign) * Now: ‘ _
o F: Forward exchange rate (Maturity: T year) e Borrow 1 domestic dollar, change to 1/S foreign
R. Foreien & vy dollar, save it at a interest rate of Rf
* S orellg.n interest rate e Sign a exchange rate forward with price F.
; hR] Locljl 1nte;est rate o T year later:
° henwehave 5 et * You get éeR-’T foreign dollars.
. ] ) _ e Convert them at the rate F (Forward contract)
e Otherwise, there exists arbitrage opportunity. o Since F u1_ > get free lunch
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e Show that arbitrage opportunity exists as §< Rt
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R0 | f#S0 Buy the stocks Short Forward / 0\
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contract value :
Value= S,
Forward price= F= S;* "™
Contract Value = ??
Value= S, Value= Sy
Forward pirce= F, =S* eT = K= Strike price
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A Real Example oo Forwards on Bond and Interest Rates
L i Spot Curve Future zero rate (_H:l:'l Spot Curve

e 7 is the annualized 3-month riskless interest rate. .

e S is the spot price of the 6-month zero-coupon bond. ,

e A new 3-month forward contract on a 6-month zero- | S : S |

coupon bond should command a delivery price of Se’”“. 2009/November (A) 2010/February (B) 2010/May (C)

e Soif r=6% and S'=970.87, then the delivery price is
970.87 x 004 = 985.54.

Maturity of forward Maturity of zero bond

F is face value of the 6-month zero-coupon bond
S, is the spot price of the 6-month zero-coupon bond at time t

At time 4: At time B:
L 1
S,=Fxe"62=970.87 S,=Fxe '
! 006 reward of buyer=S,-985.54

F,=S xe 1=970.87xe + =985.54
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— At time 0

short forward (K=F,), long underlying asset,
borrow S,

Initial cash flow=0
—Attime T
~S,+F,+S,+1Ie" =S, =F,—(S,— e >0

Example oo

e Consider a 10-month forward contract on a stock
with a price of $50. We assume that the risk-free rate
interest is 8% per annum for all maturity, and that
dividends of $0.75 per share are expected after three
months, six months and nine months. Please
calculate the forward price.

. I — 0.756—0.08><3/|2 + 0.756—0.08><6/12 + 0.756—0.08><9/12 — 2.162

= F =(50-2.162)e""1""* = $51.14
where [ is the PV of the dividends

Homewor k oo

e Show that arbitrage opportunity exist if
F,<(S,—De"

e Assume that the underlying stock pays a continuous
dividend yield at rate q. Show that the forward price

is F,=S8,e" "
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Initial margin
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Maintenance margin

Example: B T T & FEET oo

o iﬁfﬂ%ﬂ%zoo@& TF23F TR E- IR,

BT ETSZ55 > n5 T EPRSRLS600RY - TRUIE (G2 KD
105,0007 » FEH (T & HI81,0007 - F5ZRSIA
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Example: BHET (& FEET .

T | (ARENEIRE | B | Bla st
11/23 5600 — 105,000
11/24 5500 -20,000 85,000
11/25 5450 110,000 | (75,000
11/26 5700 50,000 155,000
—
ML FRE & BAREET(SARER] (DR 2 881,000 » Ly * 255!

AR (margin call) > =K WG £ W L= RUR MG S > #1526
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Daily cash flows se

o HESTi~ iU uture pricehf,
e The contract cash flow at day i should be f—f,
e Net cash flow:
(fi =S+ (= LD+ (=) + 4 e = fr)
:fT_fo @ " Sy=Fq
e [t may differ because of the reinvestment and the
margin system.

A futures contract has the similar
accumulated payoff to a forward contract.
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Relationships between Forward and ocet
FuturesPrices :
e Forward price = futures prices, if the interest rate is
not stochastic.
e Let Forward price is F Futures price is f
e Consider forward and futures contracts on the same
underlying asset with n days to maturity.
e The daily interest rate for day i is 7;.

e One dollar at the beginning of day i grows to R, =¢"
by day’s end.

Pr oof oo

e Let fi be the futures price at the end of day i.

e So $1 invested in the n-day discount bond at the
end of day n will be worth $R

Ixe"e"”....e" =RR,..R, = HRt =R

e Consider the follow strategy:

e Long l;[R, futures positions at the end of day i—1 and
invest the cash flow at the end of day i in riskless bonds
maturing on delivery day #.

Pr oof s
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>> i-1 | i+1 n

S S(/,~ /,.) R

a8 (f-1)TIR Fsevs e

t=1

(=S TTRTTR = (4= £)[TR = (- 1) R

t=i+1 t
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Long a futures

Forwards ¥ 4 2 n# futures#rie = |

e The value at the end of day # is

n

SN (£ )R=(f,—f,)R=(S, - f,) R

i=1

e Recall the value of R units of forwards is (S; — F, )R

e Arbitrage opportunity exists if fo 7 £o.




Relationships between Forward and | g2::

FuturePrices :

° Ei?[]ﬁ*? |§}E*§§§i§z’§wﬁ , future price#|!forward pricef’~!
i (15 T8
AR B

e Unless stated otherwise, assume forward and futures
prices are identical.

Futures on Commodities s

For a commodity hold for investment purposes and
with zero storage cost, the futures price is F, = Spe”"

In general, U stands for the PV of storage cost
incurred during the life of a futures contract, and the
futures price on commodity is F, = (S, +U)e”"

w Fy=(S,—D)e'" Iis the present value of income

.+ U is the present value of storage cost,U =—1I

S Fo=(S, +U)e”

Homewor k oo

e You are provided the following information.
Current price of wheat = $19,000 for 5000 bushels
Risklessrate = 10 % (annualized)
Cost of storage = $200 a year for 5000 bushels
One-year futurescontract price = $20,400 (for a contract
for 5000 bushels)

(a) What is F* (the theoretical price)?

(b) How would you arbitrage the difference between F
and F*? (Specify what you do now and at expiration
and what your arbitrage profits will be.)

Futures on Commodities
(convenienceyield)

Because user of the commodity may feel that
ownership of the physical commodity provides
benefit that not obtained by holders of futures
contract.

The benefit are the convenience yield (y) provided by
the product. F e’ =(S, +U)e”
e Ex: Oil refiner would like to take crude oil

The convenience yield for investment asset=0 to
prevent arbitrage.




Cost of Carry

e The relationship between futures prices and spot
prices can be summarized in term of the cost of carry.

e This measures the dollar cost of carrying the asset
over a period and consists of interest rate r, storage
cost at the rate of U, minus cash flow at the rate of q
generated by the asset.

—The cost of carry is C=r+u—q

e The futures priceis f =5 o7

Example :

e A manufacturer needs to acquire gold in 3 months.
The following options are open to her:(1) Buy the
gold now. (2) Long one 3-month gold futures contract
and take delivery in 3 months. If the T-bill are
yielding an annually compound rate of 6%. What is
the cost of carry for owning 100 ounces of gold at
$350 per ounce for a year?

Example (Solution)

e The cost of ownership is 6%, because it represents
the interest one would have earned if one had
bought a T-bill instead of the gold.

e The cost of carry owning 100 ounces for 1 year is
C=100x$350x0.06=$2100.

Therelationship cost of carry,
convenienceyield and basis

e basis=§,—F,
Fe'=Se" 5 F =87
e In case of consumption assets, the futures price is

greater than the spot price (basis <0) reflecting that
the cost of carry.




Convergence of FuturesPriceto Spot Price | 2°
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Hedging with Futures e

e A long hedge is that involve taking a long position in
a futures contract, when the hedger will have to
purchase a certain asset in the future and wants to
lock in a price now.

e A short hedge is that involve taking a short position
in a futures contract, when the hedger owns an asset
and expects to sell it at some time in the future.

(see example)

Example— Short Hedge set

o BE S A(1725p e f e 5 F 1205~ 0 R - W
AF B D P AR E 52 150 § 21100, 000824 0 ¥
COMEX% % ¢h7 » > 3|8 (FIHp p K 557 15p )2 48
IR AVIE RS ESOE'S ‘DRI I £ N

S o] 5 25,0008 o (B 3 * HMEH4E)
ho% 57 15p A eI iR A F AFL05F & o E R A B R
2 F defr 417 COMEXC 538 &30 2 2 )& |7 6 59 %
ik Rbr PR 2 R E R 2

<
B

PR RS P A R T BRI Ao 8300
RS v T g e v COMEX4FH 2 kg | oo

Spot Market Futures Market

1/25:  # B 1000005 1/725: % fiw v 52 32 vy B
i s

$120x100000=12, 000, 000

5/15: ¢ 21351000007 5/15: fEw v 4pdp b
PR S8 a8 5 $(120—105)
$105x100000=10, 500, 000 x4x25000=$1, 500, 000

Opportunity Loss Gain = $1,500,000

=$12,000,000— 10,500,000
=$1,500,000
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Spot position value
T B R B5/15T g
Koo P FHiEar Yl
gain FOREF L R4 o
Spot price
0 loss 120
Short futures position
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e Suppose we expect to sell N, units of an assets at
time t, and to hedge at time t, by shorting futures

contracts on N units of a similar asset.

—The hedge ratio is s = Ne

A

e S, and S, are the asset prices at time t, and t,, and
F, and F, are the futures prices at time t; and t,.

Bl R graEe o puiEE e

e Total amount realized for the asset denoted by Y
Y=8,N,—(F,-F)N,
=Y=8N,+(S,-S)N,—(F,—F)N, =S,N,+N ,(AS — hAF)
e When the variance of AS—AAF 1s minimized, the
variance of Y is minimized.
“Var(AS — hAF) = 6% + >0} —2hpo o, = (ho, — po,)’ +0i - p’o:
. MinVar(AS — hAF)
= (hO-F _po-s)z =0
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