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Price Volatility

e Pricevolatility measures the sensitivity of the
percentage price change to changes in interest rates
(interest rate risk).

e Itiskey to the risk management of interest-rate-
sensitive securities.

e Define price volatility by
_9PIP
dy

811)3 (percent price change) = —D X dy

It is also so-call modified duration!

Numerical Example: 14

Per centage Change of Bond Price oo

e Consider abond whose modified duration is 11.54 with
ayield of 10%.

e |f theyield increases instantaneously from 10% to 10.1
%, the approximate percentage price change will be

—11.54 x 0.001 = —0.01154 = —1.154%.

General speaking, the duration wetalk about is
modified duration!




Behavior of Price Volatility s

e Pricevolatility increases as the coupon rate decreases.
— Zero-coupon bonds are the most volatile.
—Bonds selling at a deep discount are more volatile
than those selling near or above par.

e Pricevolatility increases as the required yield decreases.
— S0 bonds traded with higher yields are less volatile.

Behavior of Price Volatility :

e For bonds selling above par or at par, price volatility in
creases as the term to maturity lengthens (see figure on
next page).

— Bonds with alonger maturity are more volatile.
(But the yields of long-term bonds are |ess volatile than those of
short-term bonds.)

e For bonds selling below par, price volatility first increa
ses then decreases.

— Longer maturity here cannot be equated with higher price
volatility.

Figure 4.1 (Premium bondsand par bonds): | s2¢°
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Figure 4.1 (discount bonds): eoce
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Macaulay Duration

e The Macaulay duration (MD) is aweighted average
of the timesto an asset’s cash flows.

e Theweights are the cash flows PVsdivided by the
asset’ s price. Formally,
1¢ iC,
MD=— L
p le A+y)
e The Macaulay duration, in periods, is equal to

The Proof see
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Example: ses C++: Macaulay DurationpVvgtglr | 2:¢

Duration of 6-Year Eurobond, 1,000 Face Vaue, 8
Percent Coupon and Market Yields 8%

t C DF, C,x DF, C.x DF; xt

1 80 0.9259 74.07 74.07

2 80 0.8573 68.59 137.18

3 80 0.7938 63.51 190.53

4 80 0.7350 58.80 235.20

5 80 0.6806 54.45 272.25

6 1080 0.6302 680.58 4083.48
1000 4992.71

MD=4992.71/1000=4.993 years

Ciscash flow, DF isdiscount factor
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pinclude <stdio_n>
unid main(y Homewor k
{
int n;
float c, r, UValue=8,Discount ,Duration=0; .
PintrC R T B e Program Exercise
printeC Z2b o
print € (ST HE) ; = 25 g N 2p 2L A = 2 3
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print (2848 7 ) 5
scanf ("%F" BF) ;
for{int di=1;i<=n;i=i+1)
£
Discount=1; —
for{int j=1;j<=i;j++)
<
Discount=Discountf{1+r);
b
Duration=Duration+i=Discount#c;
Ualue=Ualue+Discountsc;
if(i==n)
<
Ualue=Ualue+Discount=*100;
Duration=Duration+n*Discount=160;
H
H
Duration=buration/Value;
printf{"Duration=%f",Duration);
H
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Macaulay Duration :

e The MD of acoupon bond isless than its maturity.
e The MD of azero-coupon bond
e The MD of a Consol

M D of a Coupon Bond

e The MD of acouponis

MD=]13[Zn: iC_, _nF j 43)

= @+y)  @+y)

Where C is the period fixed interest flow.




The MD of a zero-coupon bond :

e MD of azero-coupon bond isit’sfinal
maturity (n).

e Proof: because no cash flows before maturity,
theMD is

Zici @+ y)ii
MD ==

€@+

— nCII (1+ y)in —
CI! (1+ y)_”

The MD of a Consol Bond

e A consol bond pay afixed coupon each period but it
never Matures.  (Maturity date = )

e The duration of aconsol bondis: MD, —14 1
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Wherey isyield to maturity

TheMD of Floating-rate instruments

e A floating-rate instrument makes interest rate
payments based on some publicized index such asthe
London Interbank Offered Rate (LIBOR), the U.S. T-
bill rate.

e Instead of being locked into a number, the coupon rate
Isreset periodically to reflect the prevailing interest
rate.

e Floating-rate instrument are typically less sensitive to
Interest rate changes than are fixed-rate instrument.

The MD of Floating-rate instruments

e Assume that the fixed coupon rate c infirst j period, y in n-j
period, also market yield isy now. Thefirst reset dateis|
period from now, and reset will be performed thereafter.

e Let the principa be $1 for simplicity. The cash flow of the
floating-rate instrument is

e The MD of afloating-rate instrument is MDm—ﬁ -

Fa@+y)

Denote the MD of an otherwise identical fixed-rate bond.




Homewor k

e Prove that

& 1
MD, =MD, — —_—
floating Fix i§1 (1+ y)z—l

Where the bond is priced at par ,and the principal be $1 for simplicity.

Conversion .

e To convert the MD to be year based, modify(4.3)
asfollow:

1 ( i C L F
p\ Tk @+ k@+y)
Wherey isthe annual yield and k is the compounding frequency per annum.

e Equation (4.2) also becomes MD =—(1+ %)agﬁ
y

MD(in periods)

e Note from the definition that mD(in years) = p

Differ ence of formulas .

oP/P
ay/(1+y)

e Modified Duration: ,_ MD __9dP/P
1+y ay

e Macaulay Duration: MD =—

e Dollar Duration: DD :Dxp:_a_P

dy

Effective Duration

e A genera numerical formulafor volatility isthe
effective duration, defined as

P P,
F(y,—y.)

where P_isthe priceif theyield isdecreased by Ay, P*is
the priceif theyield isincreased by Ay, P, istheinitial
price, y istheinitial yield, and Ay issmall.

(4.5)

e We can compute the effective duration of just about
any financia instrument.




Effective Duration

e Most useful where yield changes alter the cash flow or
securities whose cash flow is so complex that smple

formulas are unavailable

e Duration of a security can be longer than its maturity

or negative.

| mmunization and MD

e A portfolio immunizes aliability if its value at horizon

coversthe liability for small rate changes now.
e How do we find such abond portfolio?

—> A bond portfolio whose MD equal s the horizon and
whose PV equalsthe PV of the single future liability.

— At horizon, losses from the interest on interest will be

compensated by gainsin the sale price when interest rates fall.

— Losses from the sale price will be compensated by the gains

in the interest on interest when interest rates rise

Bond value under threerate scenarios

Example: Immunization

e A $100,000 liability 12 years (maturity) from
now should be matched by a portfolio withaM D
of 12 yearsand aFV of $100,000.




| mmunization 4

e Assumetheliability isL at time m and the current
interest rate isy. We are looking for a portfolio such
that

(1) FV isL at the horizon m;
(2) oFV /0y = 0;
(3) FV isconvex around y.
e Condition (1) saysthe obligation is met.

e Conditions (2) and (3) mean L isthe portfolio’s
minimum FV at horizon for small rate changes.

The Proof (1) see

e Let Fv=P(1+y)", where Pisthe PV of the portfolio.
Now,

IV @+ vy P+ (14 ) 28 (4.8)
dy dy

e Imposing Condition (2) leadsto

m=—(1+y) L1 (4.9)
ady

e The MD isequal to the horizon m.

The Proof (2) o

e Employ coupon bond for immunization, because

FV—Zn: c , F
FA+y)™ Ay

e |t follows that

O°FV

82

>0, for y>-1 (4.20)

e Because the FV isconvex for y>1, the minimum
valueof FV isindeed L.

Example: Immunization by using see
duration technique

e Suppose that we are in 2007, and the insurer hasto
make a guarantee payment $1,469 to a policyholder
in 5 years, 2012. The amount is equivalent to
investing $1,000 at an annually compound rate of
8% over 5 years.

e Strategyl: Buy five-year maturity discount bonds.
e Strategy2: Buy five-year duration coupon bonds.




Strategyl: Buy five-year maturity discount bonds| ¢

e If theinsurer buy 1.469 units of these bonds at a
total cost of $1000 in 2007, these investment would
produce exactly $1469 on maturity in five years.

e Thereason isthat the duration of this bond portfolio
exactly matches the target horizon for the insurer’s
future liability.

1000
1.08°

cash flowin five years = $1000x1.469 = $1469

P= = 680.58 = total cost =1.469x 680.58 =1000

Strategy2: Buy five-year duration coupon bonds. E-

e Thegain or losses on reinvestment income that result from an
interest rate change are exactly offset by losses or gains from the
bond proceeds on sale.

YTMfalto7% | YTMis8% | YTM riseto 9%

Coupons (5x$80) 400 400 400
Reinvestment income 60 69 78
Sale of bond at end of 1009 1000 991
the 5th year

51469 $1469 $1469 >

Cash matching
(X X J [ X X J
0000 0000
S 111 ese’
| mmunization oo =—Z(1+y) oe
. . DA =izAi[ , DB =izg lBi -
e If thereisno single bond whose MD match the P = 1+y) B, = (1+y)
horizon, a portfolio of two bonds A and B, can be (4, B, - cashflow of 4 and B at i-th period)
assembled by the solution of WD, +W,D, _KZA: : ? :
+ +
10, +0, P, = ( y) ( y)
D=w,D, +w,D,(Seenext page
4D+ @Dy Page) Set P=W P+W,P
Here, D;isthe MD of bond i and ; is the weight of bond i in the portfolio. we can buy L of A, and Wel it of B.
A B
W,P P
e Make surethat D falls between D, and Dy to LimA4  i-E-B )
uarantee @ ,>0, @ >0, and positive portfolio the"D=li b2y D =—Z Z—
g Sl PS (+y) P @+y) (1+y) "B &y

convexity.

~D = WD, +W,D,




In Class Exercise ooe

e Theliability hasan MD of 3 years, but the money
manager has access to only two kinds of bonds with
MDs of 1 year and 4 years. What is the right
proportion of each bond in the portfolio in order to
match the liability’s MD?

L imitations of Duration -

Duration matching can be costly.

Immunization is a dynamic problem.

— Because continuous rebalancing may not be easy to do and
involves costly transaction fees.

— There is atrade-off between being perfectly immunized and
the transaction costs of maintaining.

Large interest rate and convexity (see next figure).

— Duration accurately measures the price sensitivity of fixed-
income securities for small change in interest rates.

Convexity

e Convexity isdefined as

9°P 1
75 (4.14)

convexity (in period) =

e The convexity of a coupon bond is positive.

e For abond with positive convexity, the price rises
more for arate decline than it fallsfor arate increase
of equal magnitude.

e Between two bonds with the same duration, the one
with a higher convexity is more valuable.

Figure4.6: Linear and quadratic eoe
approximation to bond price changes.

Convexity

=
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Convexity oo Properties of Convexity oo
e Convexity measured in periods and convexity CX Varieswith Coupon For same duration and yield, zero-
measured in years are rel ated by (all variables may different) Coupon bonds ar e less convexity
. __convexity (in periods) A B A B
convexity (in years) = 2 N=6 N=G N=6 N5
When there are k periods per annum. Y=8% Y=8% Y=8% Y=8%
e The convexity of a coupon bond increases as its LC=8% C=0% _C=8% C=0%
coupon rate decreases. (next page) ,"%‘% %‘%
e For agivenyield and duration, the convexity
decreases as the coupon decreases. (next page) MCX=28 | XS | (OX=28 | OX=2572D
A and B are two different bond. C is coupon rate, Y isyield of maturity,
D isduration, and CX is convexity.
(X X J [ X X J
( X X X [ X X X
- HE i
Convexity s The Proof of Formula e

e The approximation A P/P =~ — (modified) duration x
yield change works for small yield changes.

e Toimprove upon it for larger yield changes, use

AP 0P 1 10%°P 1

1
— = — Ay +=—==(Ay)* = —durationx Ay + Exeonvexityx (Ay)?
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Define: CX(convexity) = —g— valueof CX —fCX(dy)
y




Calculation of Convexity

e Formula

CX = Scaling factor(The capital lossfrom1bp rise+ The capital gain from1bp fall)

=108(AP +AP ]
P P

e Example: To calculate convexity of the 8 percent coupon,
8 percent yield, six-year maturity Eurobond that had a
price of $1000:

Ccx =1 08( 999.53785-1000 + 1000.46243— 1000)

1000 1000
=10°(0.00000028) = 28

Example

e Given convexity C , the percentage price change
expressed in percentage termsis approximated by —D x
Ar+ Cx(Ar)?/2whentheyield increases
instantaneously by A r%.

e For example, if D =10, C=15, and Ar = 2%, price
will drop by 17% because

APIP=—10x24+1/2x15x%x22= —17

In Class Exercise

e Show that the convexity of a zero-coupon
bond is n(n+1)/(1+y)?

| mmunization (barbell Portfolio)

e Two bond portfolios with varying duration pairs D,,Dg can
be assembled to satisfy D=w,D,+w,D,
However, which oneisto be preferred?

e L et there be n kinds of bonds, with bond i having duration D;

and convexity C;, where D,<D.<....<D,,. We then solve the
follow constrained optimization problem:

maximize @,C,+a,C, +........ +w,C
subjectto @+, +.....w, =1
oD +w,D, +....... +w,D, =D

The solution usually implies a barbell portfolio, which consists of very
short-term bonds and very long-term bonds..
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Lagrange Multiplier Method : A Simple Example :
min £ (x,y)=5x*+6y? —xy
Sunction f(x,,%,,....,X,) st x+2y=24
subject to g(x,,%,,....,x,) =0
F(x, Xy, X, A) = f(X, X000y X, )+ A0 (X, Xy, 000, X,) glx,y)=x+2y-24=0
Fx,(x,, %5000, %,,4) =0 F(x,y,4) =5x" +6y° —xy+ A(x + 2y — 24)
Fx,(xy, %5, 000, %,,4) =0 F.(x,7,4) =10x— y+ 1 =0....(1)
: F,(x,y,4) =12y -x+21=0.(2)
Fx,(x,%,,00,x,,4) =0 g=x+2y—24=0.ccccceevuurr ©)
g(x,xy,.0x,)=0 )
D) fﬁx=§y
x=2y BT Hy=9.1-6
esss esss
Use Lagrange Multiplier Method to | s2:¢ Example: |mmunization cees
obtain the optimal bond portfolio |® (Convexity isdesirable) :

max w,C,+w,C,+...+w,C,
st wto,+...+w, =1

oD, +w,D,+...+0,D, =D
(@, o,....0)=0,+0,+...+w,-1=0
9,(w,,,....,0,)=wD,+w,D,+...+®,D,-D=0
Hw, w,,...,0,)=0C, +0,C,+...4+ 0,C, +

Ao+, +..+0,-)+ L,(wD,+w,D,+...+ 0D,

_D)

e Consider a pension fund manger with a 15-year payout

horizon. To immunize the risk of interest rate changes,
the manger purchase bonds with a 15-year duration.
Consider two alternative strategies to achieve this:

e Strategyl: Invest 100 percent of resourcesin a 15-year deep-
discount bond with an 8 percent yield. (Bullet portfolio)

e Strategy2: Invest 50 percent in the very short-term money

market and 50 percent in 30-year deep-discount bond with an 8

percent yield. (Barbell portfolio)




Example: Immunization ece

(Convexity isdesirable) .

e Strategyl:
Duration =15
Convexity =206
value of the convexity =1/2 x convexity x Ayzz 25.75%

e Strategy?2: _ —
Duration =1/2 x 0+ 1/2 x 30 =15 righ convexty 1s
Convexity =1/2 x 0+1/2 x 797 =398.5
Value of the convexity =1/2 x convexity x Ayzz 49.81%

/Ay=5%

e The manger may seek to attain greater convexity in the asset portfolio than
in the liahility portfolio, as aresult, both positive and negative shocks to
interest rates would have beneficial effects on the net worth.

Categories of Immunization -

e Cash matching
e Rebalancing

Cash matching ]

e Cash matching is the approach that a stream of
liability can always be immunized with a
matching stream of zero-coupon bonds.

e Two problem with this approach are that (1)
zero-coupon bonds may be missing for certain
matruity.(2) they typically carry lower yield.

e Recall example (Immunization by using
duration technique).

Rebalancing oo

e Immunization has to be rebalanced constantly to

ensure that the MD remains matched to the horizon.
The MD decreases as time passes.

But, except for zero-coupon bonds, the decrement is
not identical to that in the time to maturity.

— Consider a coupon bond whose MD matches horizon.

— Since the bond’ s maturity date lies beyond the horizon date,
itsMD will remain positive at horizon.

— So immunization needs to be reestablished even if interest
rates never change.




Hedging oo

e Hedging aimsto offsets the price fluctuations of the
position to be hedged by the hedging instrument in the
opposite direction, leaving the total wealth unchanged.

e Definedollar duration as

DD = modified durationx price(% of par)= —Z—p
a4

e The approximate dollar price change per $100 of par
valueis

price change = —dollar durationX yield change

Hedging ses

e Because securities may react to interest rate changes differently,
we define yield beta to measure relative yield changes.

changein yield for the hedged security

yield beta =
changein yield for the hedging security

e Letthe hedgeratio be

dollar duration of the hedged security
dollar duration of the hedging security

h

X yield beta (4.13

e Then hedging is accomplished when the value of the hedging
security is h timesthat of the hedged security.

Example 4.2.2 °

e Suppose we want to hedge bond A with aduration
of seven by using bond B with a duration of eight.
Under the assumption that yield betais one and both
bonds are selling at par, the hedge ratio is 7/8, This
means that an investor who islong $1 million of
bond A should short $7/8 million of bond B.

Homewor k .

e Start with abond whose PV isequal to the PV of a
future liability and whose MD exceeds the horizon.
Show that the bond will fall short of the liability if
interest rates rise and more than meet the goal if
interest rates fall. Thereverseistrue the MD falls
short of the horizon.




