Financial Engineering and Computations

Basic Financial M athematics
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e Time Value of Money
e Annuities

e Amortization

e Yields

e Bonds
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Time Value of Money :
| Period 1 | Period 2 | Period 3 Period 4 |
Time O Time 1 Time 2 Time 3 Time 4

PV =FV(1+r)"
FV=PV({1+r)

FV: future value
PV: present value
r: interest rate

n: period terms
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Quotes on Interest Rate
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Annualized rate.

ris assumed to be constant in this lecture.



Time Value of Money

e Periodic compounding

(If interest 1s compounded m times per annum)

FV =PV (1+ij (3.1)
e Continuous componding

FV = PVe™

}E(1+%)f = e — lim(1 +%)"m = lim (1 + ml/r)’fm p

e Simple compounding



Common Compounding M ethods

e Annual compounding: m = 1.

e Semiannual compounding: m = 2.
e Quarterly compounding: m = 4.

e Monthly compounding: m = 12.

e Weekly compounding: m = 52.

e Daily compounding: m = 365




Two widely used yields

e Bond equivalent yield (BEY)

--Annualize yield with semiannual compounding
e Mortgage equivalent yield (MEY)

--Annualize yield with monthly compounding



Equivalent Rate per Annum

e Annual interest rate 1s 10% compounded
twice per annum.

e Each dollar will grow to be 1.1025 one year
from now.

(14+(0.1/2)) =1.1025
e The rate 1s equivalent to an interest rate of

10.25% compounded once per annum.



Conver sion between compounding
Methods

e Suppose r; 1s the annual rate with continuous
compounding.

e Suppose r, 1s the equivalent compounded m
times per annum.

e Then (1+ '—2j "= e

m

ry

e Therefore » = mln(l+;j =7 = m[ em —1j



Are They Really “ Equivalent” ?
e Recall r; and r, on the previous example.
e They are based on different cash flow.

e In what sense are they equivalent?
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e Ordinary annuity

e Annuity due

e Perpetual annuity
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rdinary annuity

e An annuity pays out the same C dollars at the
end of each year for n years.

e With a rate of r, the FV at the end of nth year 1s

i - (1+r) -1

ﬂ{1+1ﬂ\l:ﬂ
\./\l I} |
i=0 r

»
~
) ——

~~




General annuity

e [f m payments of C dollars each are received
per year (the general annuity), then Eq.(3.4)
becomes

L+ )" -1

xr
m

e The PV of a general annuity 1s

C

fc(nij _olzl4s) (3.6)
i=l1 m ’

m



Annuity due

e For the annuity due, cash flow are received at the
beginning of each year. The FV 1s

(1+r)" -1

r

iC(Hr)i =C (1+7) (3.5)

e If m payments of C dollars each are received per
year (the general annuity), then Eq.(3.5) becomes
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Formula
Ordinary annuity General annuity
py: ¢ l-(+n” I o

m

ot -1 oA+ -1
FV: r w
Annuity due
PV: U4 . cl_(1+;)_nm(1+1j
r r m
(1+r)" -1

) — ) ol (1+1j

m

FV: C

r

m



Per petual annuity

e An annuity that lasts forever 1s called a perpetual
annuity. We can drive its PV from Eq.(3.6) by
letting n go to infinity:

PV:IimZC(HLj =1im C =—
i=l1

r
n—>o0 4 m n—>o0 I I

e This formula 1s useful for valuing perpetual fix-
coupon debts.



Example: The Golden M odel

m Determine the intrinsic value of a stock.
m [et the dividend grows at a constant rate

mStock price= Present value of the infinite series of future dividends.

D D(1+g)

D
r—g

PV (All future dividends) = r>g

Where
D: Expected dividend per share one year from now.
r: Required rate of return for equity investor.

g: Growth rate 1in dividends (in perpetuity).
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e Show that

D

r>g

PV (All future dividends)

g

’/'_



Computed by Excel

e Present value
PV (rate, nper, pmt, fv, type)
Rate © & #p e 5 o

Nper : & & ek i 208 #c -

Pt : &8 ot d (&9 Bi@) % 4%

Fv Both - Zoid Hom ANtk s i (E R 3R A A
& ATl RA L T e I Bt 4 1= B9 2o B BR

Type 0= 2 £ & 1=>84= £



Computed by Excel

e Future value
FV (rate, nper, pmt, pv, type)
Rate : & #p e f 5 o
Nper : # & erd i Fc 8P #ic
Pmt :3p4 #f 3K o
Pv B EL - (AR KA RSP R o
Type 0=>HF % £ & 1=DHp4~ £



2| Microsoft Excel - Bookl

Example 3.2.1

(

H mEE O RHmE RO BAD BEO TAD BRI RmE D

RN = REWETT= RN A WP TSR A RN R- . >
e
59 - o
£ E [ I E F
—l —
> [PV $418|  |=PV(EB3,B4,B5,B6,B7)
2 |Rate 0.0625
4 | Nper 5
5 |Pmt -100
6 |[Fw O
7 | Type O
& .
5 | The PV of an annuity of $100 per annum for
10 5 years at an annual interest rate of 6.25%



|n Class Exercise

e In above example, please use Excel to compute
the FV of an annuity of $100 per annum for 5
years at an annual interest rate of 6.25%. Verify

this result equal to the future value of the PV of
$418.39.



Amortization

m [t i1s a method of repaying a loan through regular payment of
interest and principal.

® The size of the loan (the original balance) 1s reduced by the
principal part of each payment.

® The interest part of each payment pays the interest incurred on
the remaining principal balance.

® As the principal gets paid down over the term of the loan,

the interest part of the payment diminishes.

See next example!



Example: Home mortgages

e Consider a 15-year, $250,000 loan at 8.0% interest rate,

repay the interest 12 per month.
® Because PV =250,000,n = 15, m= 12, and r = 0.08
we can get a monthly payment C is $2,389.13.

C C C

+ +.t

0.08 0.08., 0.08 12,5
I+— 1+ —— I+ ——
( 1 ) ( 7 ) ( 1 )

0.08. _i50

180 i 1_(1"'7)
:Zc(uwj —C 12 — C=2389.13
- 12 0.08/12

$250000 =




249277.536x(0.08/12)  payment— Interest

Remaining
Month Payment Interest @ principal

250,000,000

\1.00 667 4 722.464 | 249,277.536
@ 727.280 | 248,550.256

1

2

3 1.657.002 732,129 | 247,818,128
178 47.153 2,341.980 4,730.899
179 31.539 2,357.591 2,373.308
180 5.822 2,373.308 & 0.000

3.

1
Total 4:511/4--._.4:_%5 180.043.438  250.000.000

We compuét in last page




Calculating the Remaining Principal

e Right after the kth payment, the remaining principal
1s the PV of the future nm-k cash flows,

1_(1+r)—nm+k

Ca+ ) +C+ )2+ +Cc+1ymb = ¢ I
m m m

r
m

Time K nm—K

| | S

N A




Yields

e The term yield denotes the return of investment.
e It has many variants.
(1) Nominal yield (coupon rate of the bond)
(2) Current yield
(3) Discount yield
(4) CD-equivalent yield




Discount Yield

e U.S Treasury bills 1s said to be 1ssue on a discount
basis and 1s called a discount security.

e When the discount yield is calculated for short-term
securities, a year is assumed to have 360 days.

e The discount yield (discount rate) 1s defined as

.
<par_value— purchas@x 360 days (3.9)

par value number of days to maturity

/
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CD-equivalent yield g
e It also called the money-market-equivalent yield.
e It is a simple annualized interest rate defined as
par value— purchase price y 365 days (3.10)

purchase price number of days to maturity



Example 3.4.1: Discount yield

e If an investor buys a U.S. § 10,000, 6-month T-bill for
U.S. $9521.45 with 182 days remaining to maturity.

10000-952 ]_45>< 360
10000 182

Discountyield= =0.0947



Internal Rate of Return (IRR) | ¢

e It is the interest rate which equates an investment’s
PV with its price X.

X=Cx(A+IRR)"'+C,x(1+IRR)* +...+ C x(1+ IRR)™"

e IRR assumes all cash flows are reinvested at the
same rate as the internal rate of return.

e It doesn’t consider the reinvestment risk.

IRR is discount rate for every period
<
| | J )

X C, C, C, Cn




Evaluating real investment with IRR

e Multiple IRR arise when there 1s more than one
sign reversal in the cash flow pattern, and it 1s also
possible to have no IRR.

e Evaluating real investment, IRR rule breaks down
when there are multiple IRR or no IRR.

e Additional problems exist when the term structure
of interest rates 1s not flat.

—>there is ambiguity about what the appropriate
hurdle rate (cost of capital) should be.



Class Exercise

® Assume that a project has cash flow as follow
respectively, and initial cost is $1000 at date 0, please
calculate the IRR. If cost of capital 1s 10%, do you
think 1t 1s a good project?

CF at date

0 1 2 3 el IRR

-1000 800 1000 1300 -2200 ?
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Class Exercise (Excel)

Time |CF
0 -1000
1 =00
2 1000
3 1300
4 -2200 /|=IRR(B13:B17.0.1)

[ Multiple IRR

A$ ‘zﬁR{BlB:BlTﬂ.E) I




e The FV of investment in n period is FV = P(1+ )"
e [ et the reinvestment rates r,, the FV of per cash income 1s
Cx(I+r)" +Cx(1+1)" " +..+Cx(1+1) +C — e is given

e We define HPR (y) 1s
P(+y) =Cx(1+r)" +Cx(A+r) 7 +..+Cx(1+r,) +C



Methodology for the HPR(y)

® Calculate the FV and then find the yield that equates 1t with the P

® Suppose the reinvestment rates has been determined to be r,.

Step Periodic compounding | Continuous compounding

(1)Calculate the

future value

FV: ZC (l_l_’;)n—t FV _ CX (eren _1)

e —1

(2)Find the HPR

y =4/ 1 y =7 In(z)




Example 3.4.5:HPR

e A financial instrument promises to pay $ 1,000 for
the next 3 years and sell for §2,500. If each cash

can be put into a bank account that pays an effective
rate of 5%.

3
e The FVis ) 1000x(1+0.05)*" =3152.5
t=1

e The HPR is 2500(1+ HPR)’ =3125.5

3152.5
2500

1/3
:HPR:( j —1=0.0804



Numerical Methodsfor Yield

e Solve f(r)= Z a f;)[ —x =0, for r 2—1, x is market price
t=l

Recall X =C,x(1+IRR)™" +...+ C x(1+IRR)™"
= C,x(1+IRR)" +..4+C,x(1+IRR)™" - X =0
Let f(r)=C,x(1+7r)" +..C x(1+r)"-X

e The function f(¥) 1s monotonic 1n r, if C,> 0 for all t,
hence a unique solution exists.



The Bisection Method

e Start with a and b where a < b and f(a) f(b) < 0.

e Then f(r) must be zero for some r€(a, b).

e If we evaluate f at the midpoint ¢=(a + b) /2
(1) f(a) f(c) < 0 =2 a<r<c
(2) fc) f(b) < 0 > c<r<b

e After n steps, we will have confined » within a
bracket of length (b — a) / 2".



Bisection M ethod

1 WNsNINK ]

o Letf(n=Cx(1+r)"'+Cx(A+r)" +..+Cx(1+r)"-X
e Solve f(r)=0

Nnc - X

H(r) f(a)>0,f(b)<0 => a<r<b

Let c=(atb)/2
f(a)>0 f(c)<0 => a<r<c

IRR b r




(YY)
4
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C++:i¢ * whilezZ#.- & -
float Low=0, High=1;
fi SR C B n TG X
' 4 Middle =(High+Low)/2;
e R (Low, Middle)ﬁ? (Middle,High)
true
L float c,x,Discount;
hile(High-Low>=0.0001) 7 ’
whieRigh-Low==0.0001) = float Low=0, High=1;
int n;
SrE scanf("%f",&c);
R scanf("%f",&x);
O scanf("%d",&n);
while(High-Low>=0.0001)
{
}

printf("Yield rate=%f",High);



H|Bisection method& [ fpvEg[E!

o “IFIf(N=cx(U+r) " +ex(I+r) 2 +..tex(+r) " —x
float Middle=(Low+High)/2;

f(r)<O -2 r>R float Value=0;
for(int i="1;i<=n;i=i+1)
f(r)>0 -2 r<R {
: T Discount=1;
e 1 Middle=(High+Low)/2 Ty
STl 5 (Low, High)iAm 21 { | | |
(Low,Middle) : Discount=Discount/(1+Middle)
(Middle,High) Value=Value+Discount*c;
}

cx(1+7)  +ex(+r) +.+ex(1+r)™" Value=valuex:

_ if(Value>0)

SRR / { Low=Middle;}
Sole b st else
A AR {High=Middle:}
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B whilefZ iy d g ——

SR ox(14r) " +ex(14r) 4. ex(l4+r) —

v

FTET (14+r)*

v

] Ak AT

float c,x,Discount;

float Low=0, High=1;

int n;

scanf("%f",&c);
scanf("%f",&x);
scanf("%d",&n);
while(High-Low>=0.0001)
{

float Middle=(Low+High)/2;
float Value=0;

for(int i=1;i<=n;i=i+1)

{
Discount=1;

for(int j=1;j<=i;j++)

{
}

Discount=Discount/(1+Middle);

Value=Value+Discount®c;
Y

Value=Value-X;
if(Value>0)
{ Low=Middle;}
else

{High=Middle;}

}
printf("Yield rate=%f",High);



Homewor k




The Newton-Raphson Method

Converges faster than the bisection method.

Start with a first approximation X, to a root of f(x) = 0.

e =y L) (3.15)
f(x)
When computing yields,
, - 1C,
X)=-—
S t=1 (l'l'x)m

¢ Recall the bisection method, the X hereisr (yield) in
the bisection method!



Figure3.5: Newton-Raphson method

If {(X, ,)=0, we can obtain X, 1s yield



o YieldpVFtEl
RATE( nper, pmt, pv, fv, type) -
Nper : & = s RIVEY -
Pmt - SRS (FYEH-TVE) Pufhiits 38 -
Pv B F &4E -
Fv - VEF R FPEHAVELE BREE (F 2a%) o
Type 0=>I7 3 1] 1=>17k/3 []



Example

4 | B | ¢ | b | E

-

TR omEaRsEHN

FATEABIN5 ZREES
5100 - F=F 2 4—20 25
BHEAL0F - ZYTN?

Nper 20
Pmt 2.5
Pv 95
Fv 100
Type 0 | |
M

YTM  283%

=RATE(B2.B3,B4.B,3B6)




Bond

e A bond 1s a contract between the 1ssuer
(borrower) and the bondholder (lender).

e Bonds usually refer to long-term debts.
e (Callable bond, convertible bond.

e Pure discount bonds vs. level-coupon bond
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where r is the interest rate per period

e The price of a zero-coupon bond that pays F’ dollars
in n periods 1s p

e No coupon 1s paid before bond mature.

risk.

F (par value)

n periods

L

)V




L evel-Coupon Bonds

e [t pays interest based on coupon rate and the par value,
which 1s paid at maturity.

e F denotes the par value and C denotes the coupon.

P=Cx(1+r)" +Cx(1+r)" +...+Cx(1+r) "+ Fx(+r)”"

C+F

C C C T

A A b .
2 3 Tl



Pricing of Level-Coupon Bonds

C C C F
= + Tt — —
(1+2)  (1+%) 1+ (1+1)
F o [1=-d+2)™ F
Z(1+) <1+,;)”’”_C( - ]+(l+,;)"’” G19)

where
n: time to maturity (in years)
m : number of payments per year.
r : annual rate compounded m times per annum.

C = Fc¢/m where c 1s the annual coupon rate.

C C C C Paymtimes
AR |

S | >>

Year 1 Year 2




Yield To Maturity

e The YTM of a level-coupon bond 1s 1ts IRR when
the bond 1s held to maturity.

e Fora 15% BEY, a 10-year bond with a coupon rate
of 10% paid semiannually sells for

5 5 100
= 05 +eees 01520 + 01520
1+%°) (1+22)7  (1+%2)
-2x10
:5X1—(1+(0.15/2)) . 100 745138

0.15/2 (1+(0.15/2))"



Yield To Call

e For a callable bond, the yield to states maturity
measures 1ts yield to maturity as 1f were not callable.

e The yield to call 1s the yield to maturity satisfied by
when n denoting the number of
remaining coupon payments until the first call date
and F replaced with call price.
‘ F(call price) Par value

L1 |

‘ Maturity
P @npany call the bonds




Homewor k

e A company issues a 10-year bond with a coupon
rate of 10%, paid semiannually. The bond 1s called
at par after 5 years. Find the price that guarantees a
return of 12% compounded semiannually for the
investor. (You are able to use Excel to run it.)




Price Behaviors

e Bond price falls as the interest rate increases, and
vice versa.

e A level-coupon bond sells
—at a premium (above its par value) when 1ts
coupon rate 1s above the market interest rate.
— at par (at 1ts par value) when its coupon rate 1s
equal to the market interest rate.
— at a discount (below its par value) when 1its
coupon rate 1s below the market interest rate.



Figure 3.8: Pricelyield relations

Price
Yield (%) (% of par)
7.5 113.37
8.0 108.65 13 Premium bond
8.5 104.19
9.0 100.00 3Par bond
9.5 96.04
10.0 92.31 -->Discount bond

10.5 88.79




Figure 3.9: Pricevs. yield.

Plotted 1s a bond that pays 8% interest on a par value of

$1,000,compounding annually. The term is 10 years.

1750}
1500}
1250}

1000}

Price

750¢
500¢F

250

Yield
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e The first “actual” refers to the actual number of
days in a month.

e The second refers to the actual number of days 1n a
year.

e Fxa mnle 111’\(\1’\=]'\QQ1‘.
ampic F Ol1-0Cdi

the number f days between June 17, 1992, and
October 1, 1992, 1s 106.

> 13 days (June), 31 days (July), 31 days (August), 30 days
(September), and 1 day (October).



Day Count Conventions: 30/360

e Each month has 30 days and each year 360 days.

e The number of days between June 17, 1992, and
October 1, 1992, 1s 104.

— 13 days (June), 30 days (July), 30 days (August),
30 days (September), and 1 day (October).

e In general, the number of days from datel to date2
1S

+ +
%Zre atel LV gx)l m13 ?z’]))( %tze = ,;1211212 a{ d2 —dl)



Bond price between two coupon dates:
(Full Price, Dirty Price)

e In reality, the settlement date may fall on any day

between two coupon payment dates.
100

C C [
wl T < [
1 2 / )

Settlement date = Number of days to the next payment date

Number of days in the coupon period

Dirty Price=Cx(1+r)” P +Cx(1+r)y @1+ ..+
Cx(1+r)y~ @+ L 100x(14-7)~ @1



Accrued I nterest

® The original bond holder has to share accrued interest
in 1-o period
— Accrued interest 1s Cx(1—w)

® The quoted price 1n the U.S./U.K. does not include

he

>Yale a1 fay
11V Aavul UL U 111ty

(o

called th
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e Dirty price= Clean price+ Accrued interest
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e Consider a bond with a 10% coupon rate, par
value$100 and paying interest semiannually,
with clean price 111.2891. The maturity date
1s March 1, 1995, and the settlement date 1s
July 1, 1993. The yield to maturity is 3%.



Example: solutions

e There are 60 days between July 1, 1993, and the
next coupon date, September 1, 1993.

e The w= 60/180, C=5,and accrued interest 1s
5x (1-(60/180)) =3.3333

e Dirty price=114.6224
clean price = 111.2891

60 days|

| | | | |
1993.3.1 1993.9.1 1994 3.1 1994 .9.1 1995.3.1
settle



Exercise 3.5.6

e Before: A bond selling at par if the yield to maturity equals the
coupon rate. (But it assumed that the settlement date is on a
coupon payment date).

e Now suppose the settlement date for a bond selling at par (i.e.,
the quoted price 1s equal to the par value) falls between two
coupon payment dates.

e Then ite vield to m
A LAIN/LIL AV WAL LUV

—> The short reason: Exponential growth is replaced by linear
growth, hence “overpaying” the coupon.



C++: for $&fl7dHtE

o FigiforpatifE AU FE R BT

=2V,
‘ LE‘( for(int j=1

ksl :Bond Value project

i<5j=j+1)

{ > A-"’El{'l u: [[,\[—E
Cf printf(" %d-th Execution\n",j); E[[ ,q,gﬁg% LL

) - RS iR
=1

ETUe | printf(" %d-th Execution\n",j);
J=3+1;
false

Exit
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C++E~!‘Tl !F-! ) !Fjjl;ﬁ E:.

o HIEFT (EIMSHNET BT
o LR

o =j— MY [f{coupon ¢, [{{nHH

o Z[HIFIEA 1007 190
R D [
1 2 3 J§

FoT M P = cx(1+7) " +ex(1+7) 7+ +ex(1+7) " +100x (1+7)™"



AT REF i

=1 51271 ] payoff i ZfL fif
value=value+ 3 ifHpZE i

) I=i+1
[ false
RS int n;
JINHIERS float ¢, r, Value=0,Discount:

scanf("%d",&n);
scanf("%f",&c);
scanf("%f",&r);
for(int i=1;i<=n;i=i+1)

{

}
printf("BondValue=%f",Value);




=T ET 93 7% payoffpy =

o i<n ZhljHi= (1+r)"xc
o i=n ZH[HI= (1+r)"x(c+100)

o MIforsl T (1+)°

NTT1
Co—
i)
—y

FF BT % payofffiy ZLfifl
Discount=1;
for(int j=1;j<=i;j++)

A A+t

1
J

Value=Value+Discount*c;
if(i==n)
{

YRk - A &P Value=Value+Discount*100;

Discount=Discount/(1+r);



1.’ C -7 £ NEE S NZfa [tE PRPpR
FEAH T ﬁ?r( o) FA’IEJ}IJ‘HET = ) ses
#include <stdio.h> ~ ®

void main()
{
int n;

float c, r, Value=0,Discount;
scanf("%d",&n);
scanf("%f",&c);
scanf("%f",&r);

for(int i=1;i<=n;i=i+1)

f

: NN 19 ZEL
Discount=1; |, 2i & payoffiiy il

for(int j=1;j<=i;j++)
{

Discount=Discount/(1+r);
} » ValueEn e i~ f
Value=Value+Discount*c; > D;l%emuﬂj i-payo
if(i==n) 3l
{

Value=Value+Discount*100;

1
s

}
printf("BondValue=%f",Value);

1



Homewor k

e Program exercise:

Calculate the dirty and the clean price
for a bond under actual/actual and
30/360 day count conversion.

Input: Bond maturity date, settlement
date, bond yield, and the coupon rate.

The bond 1s assumed to pay coupons
semiannual ly.



