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®Section 4.5.4 Solution to the Black-Scholes-Merton Equation

|
o c(t,x) = rxc/(t,x)+ Eazxzcxx(t, x)=rc(t,x) ,Vte[0,T) , x>0 - (4.5.14)

® We want the BSM equation to hold Vx > 0 and # € [0,7) so that (4.5.14) will hold regardless
of which of 1ts possible paths the stock follows.

® We do not need (4.5.14) to hold at t = T, although we need the function c(z, x) to be

continuous at r = 7.

For such an equation, in addition to the terminal condition (4.5.15) , one needs boundary

conditions at x = 0 and x = oo 1n order to determine the solution.
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o C(t,x) = rxc/(t,x) +%0 x“c,.(t,x)=rc(t,x) ,Vee[0,T) , x>0 - (4.5.14)

® The boundary conditions at x = 0 1s obtained by substituting x = O into (4.5.14) , which the
becomes ¢(7,0) = rc(£,0). -+ (4.5.16)

® RSy c(t,0) = Ce'c(1,0) » H C RH #UA

* X c(TO)=max{0-—K0} =0 = C=0#P:#EMHE%E ct,0)=0,Vtel0,T]

® We see that ¢(0,0) =

® The boundary conditionatx =0 — c¢(1,0) =0 ,Vre [0,T] --- (4.5.17)
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® The boundary condition at x — oo for the European call 1s
lim,_, o |c(t,x) — (x— e TK)| =0 ,Vr € [0,T] - (4.5.18)

* <pf>

Casel: x > > > K (deep in the money)
c(t,x) ~ x — Ke U7

Case Il : x = oo, call HfTHIHER — 1
— Nd,)—> 1,Nd_) > 1RA c(t,x) =xN(d,) — Ke " ""IN(d_)
et x) ~ x — Ke U=

Lolim [c(t, X)—(x — e_”(T_t)K)] =0,Vre |0,T]



®Section 4.5.4 Solution to the Black-Scholes-Merton Equation

® The solution to the BSM equation (4.5.14) with terminal condition (4.5.15) and boundary
conditions (4.5.17) and (4.5.18) 1s
c(t,x) = xN(d (T — t,x)) — Ke "™ ""')N(d (T - t,x)) 0<<T,x>0 - (4.5.19)

2

1
where d., (7, x) = [zogﬁ + (r + 6—)71 e (4.5.20)
B o\ T K 2

and N 1s the cdf of normal distribution

Zz Zz
R B
N(©) = e 2dz= e 2dz - (4.5.21)
e y

Var Vr



®Section 4.5.4 Solution to the Black-Scholes-Merton Equation

® We shall sometimes use the notation

BSM(z,x; K, r,0) = xN(d,(7,x)) — Ke”""N(d_(7,x)) -+ (4.5.22)

® In this formula, 7 and x denote the time to expiration and the current stock price,
respectively. The parameters K, r, and o are strike price, the interest rate, and the stock

volatility, respectively.
* lim_,ct,x)=x—K) " (t=T—-1t=0)

® lim,._,, c(t,x) =0 (. log0 1s not a real number)
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® Delta : c(t,x) =Nd (T—1t,x)) - (4.5.23)

® <pf>
. in(=) + <r+%(;2)f
_|_(T,)C) T
oy/7
ln(i) + (r—laz)f n(i) + (F+102>T
d (7.x) = K 2 _ K 2
/2 /2
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1
N’ (d_(z,x)) = ——=e 7@
\/ 271

1
V2r

o—3(d_(z.x)+01/7)’

N (d,(1,x)) = N (d_(z,x) + 0\/7) =

— I e—%(d%+2d_0\/;+azf) = N '(d_(z,x)) e—%(Zd_G\/;’-FGZT)

V2n

—IT

— N (d,(z,x)) = N (d_(z, %)) X — *.xN'(d (1,x)) = Ke™"N ' (d_(z, x))
X
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ln(i) + (r+%02)7

o/ T
X

— ln(f) + (r+ %02)7 = d+(r,x)0\/*_c

Hd, (z,x) =

— % + e(”+%02)7 — ed+(f,x)a\/f_c

— y = Ked+(T,X)U\/;—(I’+%02)T — Ko~ '"pd Lt/ -1 _ Ke—rre(d_(f,x)+a\/;)0\/;—%027:

— Ke e d_(f,x)a\/;+%027

Ke™™ : e—%(Zd_(T,x)a\/;+027) _ Ke™™

— e—(d_('c,x)o\/;+%02’c) —
X X



k

v od, (7, x)
0x B 1
Iy
dd_(t, x)
0x B 1
e
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0C(1,x)
e Delta: c(t,x) =
0X
od, (T — t, x) T od_(T — t, x)
= N(,(T = 1,2)) + 2N (dy(T = 1, X)) —— — KeTUTIN (d(T — 1,x)——
X X

od, (T —t,x od, (T —t,x
+ ) — xN " (d, (T —t,x)) + )
0x 0x

= N (T —t,x)) +xN (d, (T —t,x))

— c(t,x) = Nd (T—-t,x)) - (45.23)

0C(t,x)

e Delta: c (t,x) =
0x

= N(d (T — t,x)) > 0
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o Theta : c(t,x) = — rKe " ="ON(d_(T — t,x)) — 2 N d(T—1t,x) - (4.5.24)
2/ T — t
® <pf>
X 1
ln(—) + (ri—az)(T— r)
du(T —1,5) = —= = = lln(ﬁ)(T— t)—%+l(ril(;2)(T— )7
o\ T c K o 2

adi(T—t,.X) L i - _i_i l 5 B _%
” 2aln(K)(T f) 26(1"120 )T - 1)

— ZLG(T— t)‘% [ln(%) — (r + %62>(T— t)]
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dc(t, x)
ot

° Ct(t, X) =

ad T_ t, T— ,
— XN / (d_|_(T_ t, .X)) +( at X) [rKe_r(T_f)N(d_(T _ t, x)) _|_ Ke—F(T—I)N/ (d_(T . t, x)) aCZ—( at t x)
0d(T—-t%) o 1y od_(T — 1, x)
= xN " (d (T —t,x)) Y — rKe ™" )N(d_(T— t,x)) —xN ' (d (T — t,x)) ”

od. (T —t,x) 0dd_(T —t,x)
ot ot

— xN' (d(T = 1,%)) [ ] — rKe " TON(d_(T - 1, x))
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Nd(T—t,x)—d (T—t,x)=0\/T—1

0 2\/T —t
Lol x) = — rKe " "=ON(d (T — t, x)) — 2 N d(T—-tx) - (45.24)
20/ T —t
dc(t, x) T
o Theta: c(t,x) = = — rKe "U=IN(d (T — t,x)) — N (d.(T—tx) <0

O.
ot 2\/T —t
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G e (fx) = d’c(t, x)
amma : ¢, (t,x) = "
_ o6ty _ 0 N(d (T —t
== = ax( (d (T —t,x)))
od, (T — t,x)
=N'(d (T —tx)) = N (d (T —1,x))
0x GX\/T — t
Lot x) = : N d(T-tx) - (45.25)

GX\/T—t

o°c(t,x)
Ox? ox\/T — t

o Gamma : ¢, (t,x) =

N (d (T - t,x)) > 0
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® The hedging portfolio value is c(z, x) = xN(d,) — Ke """IN(d_)

® xN(d,) = xc (1, x) of this value 1s invested 1n stock
® c(t,x) —xc (t,x) = —Ke ""=IN(d_) of the amount invested in the money market

® Hedge a long call should hold —c, shares of stock and invested Ke "U=DN(d_) in the money

market account.
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Option

= ¢(t,
value y = c(t, x)

Slope ¢ (t, xy)

(t,xl)(x —x1) +c(t,zy)

Zo x) x2 Stock price

Fig. 4.5.1. Delta-neutral position.

® c(1,x) 1s increasing and convex in the variable x ("¢, > Oand ¢/ > 0)

Take a long position 1n the option and hedge it

® Buy the option for ¢(z, x;) , shorting ¢ (¢, x,) shares of stock

® Invested the amount M = x,c (¢, x;) — c(, x;) in the money market



®Section 4.5.5 The Greek

® The nitial portfolio value c(#, x,) — x;c, (f,x;) + M =0

® If the stock price fall to x;, , the value of the option we hold would fall to ¢(#, x,) and the

liability due to our short position in stock would decrease to xyc (¢, x;).
® Total portfolio value

c(t, xy) — xpc, (8, x) + M

= c(t, xy) — xpC, (1, x1) + [x;¢,(2, x1) — c(t, x;)]

= c(t, xy) — ¢, (¢, x))(xg — x;) — c(¢, x;) 1s the difference at x, between the curve y and the

straight line y 1in Figure 4.5.1
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® The mitial portfolio value c(7, x) — x;c,(t,x;) + M = 0

® If the stock price rise to x, , the value of the option we hold would rise to c(z, x,) and the

liability due to our short position in stock would increase to x,c, (7, x;).
® Total portfolio value

c(t,x,) —x,c (t,x))+ M

= c(t,x,) — x,¢,(t, x1) + |x;¢,(8, x) — (2, x;)]

= c(t,x,) — ¢ (t,x))(x, — x;) — c(t, x;) 15 the difference at x, between the curve y and the

straight line y 1in Figure 4.5.1
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® The portfolio we have set up 1s said to be delta-neutral and long gamma.
® A long gamma portfolio 1s profitable in times of high stock volatility.

® Delta-neutral means that small changes 1n the stock price result in nearly equal changes in

the option price and the value of the short stock position, offsetting each other.

® If the straight line were steeper than the option price curve at the starting point x; , then we

would be short delta
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® From the point of view of no-arbitrage pricing, 1t 1s irrelevant how likely the stock 1s to go

up or down because a delta-neutral position 1s a hedge against both possibilities.

® What matters 1s how much volatility the stock has, for we need to know the amount of profit

that can be made from the long gamma position.

dc(t, x)
o Vega : >
0o

® The more volatile stocks offer more opportunity for profit from the portfolio that hedges a

long call position with a short stock position.
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® Let f(z, x) denote the value of the forward contract at earlier times ¢ € [0,7°] if the stock

price at time 7 1s S(¢) = x.
® Forward contract : f(t,x) =x—e"U7VK ... (4.5.26)
* Ift =0, fRA f(z,50)) =S0)—e 'K
® Replicate the value of the forward contract with a portfolio at each time 7 is S(¢) — e "U=K
* LetS() —e"TTK=0 = S@)=e"TK = K=¢"50)

* For(t) = ™08 -+ (4.5.27)



®Section 4.5.6 Put-Call Parity

® The forward price 1s not the price (or value) of a forward contract.
® [ett=0 = For(0)=¢"'S(0) = K =¢""5(0)

® Value at time tis f(¢, S(¢)) = S(¢r) — "' S(0)
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® European put = (K — S(T))" at time T

For any number x , the equationx — K = (x — K)™ — (K —x)*

fx>K,then(x—K)"—(K—-x)"=x—-K)—0=x-K.
[fx<K,then(x—-K)"—(K—-—x)T=—(K—-—x)=x—-K.
Equation (4.5.28) implies (7, S(T)) = c(T,S(T)) — p(T, S(T))

A portfolio that 1s long a call and short a put.

.o+ (4.5.28)
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* p(t,x) = x(N(d (T —t,x)) — 1) — Ke " "=IN(d_(T — t,x)) — 1)
= Ke " ""IN(—=d_(T — t,x)) — xN(—d (T — t,x)) --- (4.5.30)
® <pf>
At all previous times : f(7,x) = c(t,x) — p(t,x), x > 0,0 <t < T
H (4.5.26) f(t,x) =x — e "I DK RRALE c(t, x) — p(t,x) = x — e "U7VK

—> p(t,x) = c(t,x) — x + e "U-DK ... (1)
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N5 (4.5.19) c(t,x) = xN(d (T — t,x)) — Ke """ IN(d (T - t,x)) ,0< < T, x>0

A (1) 8 p(t,x) = [xN(d (T = 1,x)) — Ke "IN (T — t,x))| —x+e"K
= Ke7""™D|1 = N(d_(T — t,x))| — x|1 = N(d(T — t,x))]
= Ke " ""ON(—d_(T — t,x)) — xN(—d (T — t, x))

5o p(t,x) = Ke "YU DN(=d_(T — t,x)) — xN(—d (T — t, x))




