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We fix 𝑎 ∈ ℝ and 𝑏 ∈ ℝ and let 𝑋𝑎→𝑏(𝑡) denote the Brownian bridge 

from a to b on [0,T]. We also fix 0 = 𝑡0 < 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑛 < 𝑇. In this 

section, we compute the joint density of 𝑋𝑎→𝑏(𝑡1) ,… , 𝑋𝑎→𝑏(𝑡𝑛) .

We recall that the Brownian bridge from a to b has 

the mean function: 𝑚𝑎→𝑏 𝑡 = 𝑎 +
𝑏−𝑎 𝑡

𝑇
=

𝑇−𝑡 𝑎

𝑇
+

𝑏𝑡

𝑇

and covariance function: 𝑐 𝑠, 𝑡 = 𝑠 ٿ 𝑡 −
𝑠𝑡

𝑇
.

Section 4.7.4 Multidimensional Distribution of the Brownian Bridge



To simplify notation, we set 𝜏𝑗 = 𝑇 − 𝑡𝑗 so that 𝜏0 = 𝑇. We define random 

variables

𝑍𝑗 =
𝑋𝑎→𝑏 𝑡𝑗

𝜏𝑗
−
𝑋𝑎→𝑏 𝑡𝑗−1

𝜏𝑗−1
Because 𝑋𝑎→𝑏(𝑡1) ,… , 𝑋𝑎→𝑏(𝑡𝑛) are jointly normal, so are 𝑍 𝑡1 , … , 𝑍 𝑡𝑛 . 

We compute

1. 𝔼𝑍𝑗
2. 𝑉𝑎𝑟 𝑍𝑗
3. 𝑐𝑜𝑣(𝑍𝑖 , 𝑍𝑗)

to get random variable 𝑍 𝑡1 , … , 𝑍 𝑡𝑛
′s joint density.



𝔼𝑍𝑗 = 𝔼
𝑋𝑎→𝑏 𝑡𝑗

𝜏𝑗
−
𝑋𝑎→𝑏 𝑡𝑗−1

𝜏𝑗−1

=
𝔼 𝑋𝑎→𝑏 𝑡𝑗

𝜏𝑗
−
𝔼 𝑋𝑎→𝑏 𝑡𝑗−1

𝜏𝑗−1

=

𝜏𝑗𝑎
𝑇

+
𝑏𝑡𝑗
𝑇

𝜏𝑗
−

𝜏𝑗−1𝑎
𝑇

+
𝑏𝑡𝑗−1
𝑇

𝜏𝑗−1

=
𝑎

𝑇
+
𝑏𝑡𝑗

𝑇𝜏𝑗
−
𝑎

𝑇
−
𝑏𝑡𝑗−1

𝑇𝜏𝑗−1

=
𝑏𝑡𝑗 𝑇 − 𝑡𝑗−1 − 𝑏𝑡𝑗−1(𝑇 − 𝑡𝑗)

𝑇𝜏𝑗𝜏𝑗−1
=
𝑏 𝑡𝑗 − 𝑡𝑗−1

𝜏𝑗𝜏𝑗−1

𝑚𝑎→𝑏 𝑡 = 𝑎 +
𝑏 − 𝑎 𝑡

𝑇
=

𝑇 − 𝑡 𝑎

𝑇
+
𝑏𝑡

𝑇
=
𝜏𝑎

𝑇
+
𝑏𝑡

𝑇

1.



𝑉𝑎𝑟 𝑍𝑗 = 𝑉𝑎𝑟
𝑋𝑎→𝑏 𝑡𝑗

𝜏𝑗
−
𝑋𝑎→𝑏 𝑡𝑗−1

𝜏𝑗−1

=
1

𝜏𝑗
2
𝑉𝑎𝑟 𝑋𝑎→𝑏 𝑡𝑗 −

2

𝜏𝑗𝜏𝑗−1
𝐶𝑜𝑣 𝑋𝑎→𝑏 𝑡𝑗 , 𝑋𝑎→𝑏 𝑡𝑗−1 +

1

𝜏𝑗−1
2
𝑉𝑎𝑟 𝑋𝑎→𝑏 𝑡𝑗−1

=
1

𝜏𝑗
2
𝑐 𝑡𝑗 , 𝑡𝑗 −

2

𝜏𝑗𝜏𝑗−1
𝑐 𝑡𝑗 , 𝑡𝑗−1 +

1

𝜏𝑗−1
2
𝑐 𝑡𝑗−1, 𝑡𝑗−1

=
1

𝜏𝑗
2

𝑡𝑗 −
𝑡𝑗
2

𝑇
−

2

𝜏𝑗𝜏𝑗−1
𝑡𝑗−1 −

𝑡𝑗𝑡𝑗−1

𝑇
+

1

𝜏𝑗−1
2

𝑡𝑗−1 −
𝑡𝑗−1

2

𝑇

=
1

𝜏𝑗
2

𝑡𝑗𝜏𝑗

𝑇
−

2

𝜏𝑗𝜏𝑗−1

𝑡𝑗−1𝜏𝑗

𝑇
+

1

𝜏𝑗−1
2

𝑡𝑗−1𝜏𝑗−1

𝑇

=
𝑡𝑗

𝑇𝜏𝑗
−
2𝑡𝑗−1

𝑇𝜏𝑗−1
+

𝑡𝑗−1

𝑇𝜏𝑗−1

=
𝑡𝑗 𝑇 − 𝑡𝑗−1 − 𝑡𝑗−1 𝑇 − 𝑡𝑗

𝑇𝜏𝑗𝜏𝑗−1

=
𝑡𝑗 − 𝑡𝑗−1

𝜏𝑗𝜏𝑗−1

𝑐 𝑠, 𝑡 = 𝑠ٿ𝑡 −
𝑠𝑡

𝑇

𝑡𝑗𝑇

𝑇
−
𝑡𝑗
2

𝑇
=
𝑡𝑗 𝑇 − 𝑡𝑗

𝑇
=
𝑡𝑗𝜏𝑗

𝑇

2.

𝑡𝑗−1𝑇

𝑇
−
𝑡𝑗𝑡𝑗−1

𝑇
=
𝑡𝑗−1 𝑇 − 𝑡𝑗

𝑇
=
𝑡𝑗−1𝜏𝑗

𝑇

𝑡𝑗−1𝑇

𝑇
−
𝑡𝑗−1

2

𝑇
=
𝑡𝑗−1 𝑇 − 𝑡𝑗−1

𝑇
=
𝑡𝑗−1𝜏𝑗−1

𝑇



When i < j

𝐶𝑜𝑣 𝑍𝑖 , 𝑍𝑗 = 𝐶𝑜𝑣
𝑋𝑎→𝑏 𝑡𝑖

𝜏𝑖
−
𝑋𝑎→𝑏 𝑡𝑖−1

𝜏𝑖−1
,
𝑋𝑎→𝑏 𝑡𝑗

𝜏𝑗
−
𝑋𝑎→𝑏 𝑡𝑗−1

𝜏𝑗−1

=
1

𝜏𝑖𝜏𝑗
𝐶𝑜𝑣 𝑋𝑎→𝑏 𝑡𝑖 , 𝑋

𝑎→𝑏 𝑡𝑗 −
1

𝜏𝑖𝜏𝑗−1
𝐶𝑜𝑣 𝑋𝑎→𝑏 𝑡𝑖 , 𝑋

𝑎→𝑏 𝑡𝑗−1

−
1

𝜏𝑖−1𝜏𝑗
𝐶𝑜𝑣 𝑋𝑎→𝑏 𝑡𝑖−1 , 𝑋𝑎→𝑏 𝑡𝑗 +

1

𝜏𝑖−1𝜏𝑗−1
𝐶𝑜𝑣 𝑋𝑎→𝑏 𝑡𝑖−1 , 𝑋𝑎→𝑏 𝑡𝑗−1

=
1

𝜏𝑖𝜏𝑗
𝑐 𝑡𝑖 , 𝑡𝑗 −

1

𝜏𝑖𝜏𝑗−1
𝑐 𝑡𝑖 , 𝑡𝑗−1 −

1

𝜏𝑖−1𝜏𝑗
𝑐 𝑡𝑖−1, 𝑡𝑗 +

1

𝜏𝑖−1𝜏𝑗−1
𝑐 𝑡𝑖−1, 𝑡𝑗−1

=
1

𝜏𝑖𝜏𝑗
(𝑡𝑖 −

𝑡𝑖𝑡𝑗

𝑇
) −

1

𝜏𝑖𝜏𝑗−1
(𝑡𝑖 −

𝑡𝑖𝑡𝑗−1

𝑇
) −

1

𝜏𝑖−1𝜏𝑗
(𝑡𝑖−1 −

𝑡𝑖−1𝑡𝑗

𝑇
) +

1

𝜏𝑖−1𝜏𝑗−1
(𝑡𝑖−1 −

𝑡𝑖−1𝑡𝑗−1

𝑇
)

=
𝑡𝑖(𝑇 − 𝑡𝑗)

𝑇𝜏𝑖𝜏𝑗
−
𝑡𝑖 𝑇 − 𝑡𝑗−1

𝑇𝜏𝑖𝜏𝑗−1
−
𝑡𝑖−1 𝑇 − 𝑡𝑗

𝑇𝜏𝑖−1𝜏𝑗
+
𝑡𝑖−1(𝑇 − 𝑡𝑗−1)

𝑇𝜏𝑖−1𝜏𝑗−1
= 0

𝑐 𝑠, 𝑡 = 𝑠ٿ𝑡 −
𝑠𝑡

𝑇

We conclude that the normal random variables 𝑍1, … , 𝑍n ​ are independent

3.



Because 𝑋𝑎→𝑏(𝑡1) ,… , 𝑋𝑎→𝑏(𝑡𝑛) are jointly normal, so are 𝑍 𝑡1 , … , 𝑍 𝑡𝑛 .And, 

𝑍1, … , 𝑍n ​ are independent. 𝑍1, … , 𝑍n ’s joint density, which is

𝑓𝑍 𝑡1 ,… ,𝑍 𝑡𝑛 𝑧1, … , 𝑧𝑛 =ෑ

𝑗=1

𝑛
1

2𝜋
𝑡𝑗 − 𝑡𝑗−1
𝜏𝑗𝜏𝑗−1

𝑒𝑥𝑝 −
1

2

𝑧𝑗 −
𝑏 𝑡𝑗 − 𝑡𝑗−1

𝜏𝑗𝜏𝑗−1

2

𝑡𝑗 − 𝑡𝑗−1
𝜏𝑗𝜏𝑗−1

= 𝑒𝑥𝑝 −
1

2
෍

𝑗=1

𝑛 𝑧𝑗 −
𝑏 𝑡𝑗 − 𝑡𝑗−1

𝜏𝑗𝜏𝑗−1

2

𝑡𝑗 − 𝑡𝑗−1
𝜏𝑗𝜏𝑗−1

∙ෑ

𝑗=1

𝑛
1

2𝜋
𝑡𝑗 − 𝑡𝑗−1
𝜏𝑗𝜏𝑗−1



Make the change of variables 𝑧𝑗 =
𝑥𝑗

𝜏𝑗
−

𝑥𝑗−1

𝜏𝑗−1



𝑒𝑥𝑝 −
1

2
෍

𝑗=1

𝑛 𝑧𝑗 −
𝑏 𝑡𝑗 − 𝑡𝑗−1

𝜏𝑗𝜏𝑗−1

2

𝑡𝑗 − 𝑡𝑗−1
𝜏𝑗𝜏𝑗−1

= exp −
1

2



To change a density, we also need to account for the Jacobian of the change of 

variables. In this case, we have

and all other partial derivatives are zero. This leads to the Jacobian matrix

whose determinant is ς𝑗=1
𝑛 1

𝜏𝑗
.

𝐽 =

1

𝜏1
0 0 … 0

−
1

𝜏1

1

𝜏2
0 … 0

0 −
1

𝜏2

1

𝜏3
… 0

⋮ ⋮ ⋮ ⋱ ⋮

0 0 0 …
1

𝜏𝑛

𝑧𝑗 =
𝑥𝑗

𝜏𝑗
−
𝑥𝑗−1

𝜏𝑗−1



We obtain the density for 𝑋𝑎→𝑏(𝑡1) ,… , 𝑋𝑎→𝑏(𝑡𝑛)

𝑓𝑋𝑎→𝑏(𝑡1) ,… , 𝑋𝑎→𝑏(𝑡𝑛)
𝑥1, … , 𝑥𝑛

=ෑ

𝑗=1

𝑛
1

2𝜋 𝑡𝑗 − 𝑡𝑗−1

𝜏𝑗−1

𝜏𝑗
𝑒𝑥𝑝 −

1

2

=
𝑇

𝑇 − 𝑡𝑛
∙ෑ

𝑗=1

𝑛
1

2𝜋 𝑡𝑗 − 𝑡𝑗−1

𝑒𝑥𝑝 −
1

2

where

is the transition density for Brownian Motion

Transition density：在時間段 τ ，從x
到y的機率



Section 4.7.5 Brownian Bridge as a Conditioned Brownian Motion



Brownian Bridge可以看作是一種
Conditional Brownian Motion。




