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Section 4.7.4 Multidimensional Distribution of the Brownian Bridge

We fix a € Rand b € R and let X¢~?(t) denote the Brownian bridge
fromatobon[0,T]. Wealsofix0=t, <t; <t, <--<t, <T.Inthis
section, we compute the joint density of X¢~?(t,),..., X%7P(¢,) .

We recall that the Brownian bridge from a to b has
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and covariance function: c(s,t) = sAt ——.

the mean function: m2>?(t) = a + + =



To simplify notation, we set 7; = T — t; so that 7, = T. We define random
variables

X0 () X070 (t-4)
%= T; - Ti_1
Because X% (ty) ,..., X*”P(t,) are jointly normal, so are Z(t,), ..., Z(t,,).
We compute
1. EZ;
2. Var(Zj)
3. cov(Z;, Z;)
to get random variable Z(t,), ..., Z(t,,)’s joint density.
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3. When i <J c(s, t) = sAt — ot
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j> We conclude that the normal random variables Z4, ..., Z, are independent



Because X*~?(t;) ,..., X%~P(t,) are jointly normal, so are Z(t,), ..., Z(t,,).And,

Z4, ..., 2, are Independent. Z, ...
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Make the change of variables z; = -
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To change a density, we also need to account for the Jacobian of the change of
variables. In this case, we have
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We obtain the density for X2>?(¢,) ..., X*7P(¢,)
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Section 4.7.5 Brownian Bridge as a Conditioned Brownian Motion

The joint density (4.7.6) for X% %(¢1),..., X%°(¢,) permits us to give one more
interpretation for the Brownian bridge from a to b on [0, T']. It is a Brownian motion
W (t) on this time interval, starting at 1 (0) = a and conditioned to arrive at b at time
T (i.e., conditioned on W(T') = b). Let 0 =ty < t; <ty < --- < t, <T be given. The
joint density of W (ty), ..., W(ty,), W(T) 1s

n

fwt),.. . wien)w@) (@1, s Tnyb) = p(T" = tn, Ty, b) H p(ty —tj—1,xj-1,75), (4.7.7)
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where W (0) = zg = a. This is because p(t1 — to, xo, x1) = p(t1,a,x1) is the density

for the Brownian motion going from W (0) = a to W (t;) = x; in the time between

t =0 and t = t1. Similarly, p(to — t1, 21, z2) 1s the density for going from W (t;) = x;

to W (ty) = xo between time ¢t = t; and ¢ = t5. The joint density for W (¢1) and W (t»)

1s then the product

p(t1, a, x1)p(te — t1, 21, x2).



Continuing in this way, we obtain the joint density (4.7.7). The marginal density of
W(T) is p(T,a,b). The density of W (ty),...,W(t,) conditioned on W (T') = b is thus
the quotient

p(T O n Brownian Bridge °] AETEE—F&
(T a, b H .7 1, Lj—1, x,}) Conditional Brownian Motion °
’ =1
and this 1s fXa%b(tl) ..... Xa=b(t,) (2?1, S ) of (476)

Finally, let us define

Me(T) = max X%b(¢)
0<t<T

to be the maximum value obtained by the Brownian bridge from a to b on |0, 7|. This
random variable has the following distribution.



Corollary 4.7.7. The density of M*~°(T) is

2020 —0—8) . Bpp ot
frre—vry(y) = 2y T )e T (y—a)(y—b) y > max{a, b}. (4.7.8)

Proof. Because the Brownian bridge from O to w on [0,7] 1s a Brownian motion
conditioned on W (T') = w, the maximum of X"~% on [0, 7] is the maximum of W on
0, 7] conditioned on W (T) = w. Therefore, the density of M=% (T) was computed
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The density of fjs.—s1)(y) can be obtained by translating from the initial condition
W(0) = ato W(0) = 0 and using (4.7.9). In particular, in (4.7.9) we replace m by
y — a and replace w by b — a. This results 1n (4.7.8).




