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Define the Ito integral  0׬
𝑇
∆ 𝑡 𝑑𝑊(𝑡) for integrands ∆(𝑡) that are 

allowed to vary continuously with time and also to jump.

We do assume that ∆(𝑡), t ≥ 0, is adapted to the filtration ℱ(t), t ≥ 0. We 

also assume the square-integrability condition E[0׬
𝑇
Δ2 𝑡 𝑑𝑡] < ∞ .

Section 4.3 Ito’s Integral for General Integrands



Constructed by choosing a partition 0 = 𝑡 0 < 𝑡1 < 𝑡2 < 

𝑡3 < 𝑡4, setting the approximating simple process 

equal to ∆(𝑡𝑗) at each 𝑡𝑗 , and then holding the simple 

process constant over the subinterval [𝑡𝑗 , 𝑡𝑗+1). 

As the maximal step size of the partition approaches 

zero , the approximating integrand will become a 

better and better approximation of the continuously 

varying one.

In general, then, it is possible to choose a sequence ∆𝑛 (𝑡) of simple processes such 

that as 𝑛 → ∞ these processes converge to the continuously varying ∆(𝑡).

lim
𝑛→∞

𝐸 න
0

𝑇

∆𝑛 𝑡 − ∆ 𝑡 2 𝑑𝑡 = 0

Define the Ito integral for the continuously varying integrand ∆ 𝑡 by the formula

0׬
T
∆ 𝑢 𝑑W 𝑢 = lim

𝑛→∞
0׬
𝑡
∆𝑛 𝑡 𝑑W 𝑢 , 0 ≤ 𝑡 ≤ 𝑇 (4.3.3)



E[න
0

𝑇

Δ2 𝑡 𝑑𝑡] < ∞



Example 4.3.2 Compute 0׬
𝑡
𝑊 𝑡 𝑑𝑊(𝑡)

To do that, we choose a large integer n and approximate the integrand ∆(𝑡) = 𝑊(𝑡) by the simple process

Then lim
𝑛→∞

𝐸 0׬
𝑇
∆𝑛 𝑡 −𝑊(𝑡) 2𝑑𝑡 = 0. By definition,



To simplify notation, we denote 𝑊𝑗 = 𝑊(
𝑗𝑇

𝑛
), 𝑊 0 = 0.



We contrast (4.3.6) with ordinary calculus. If g is a differentiable function with g(0)=0, then

The extra term −
1

2
T in (4.3.6) comes from the nonzero quadratic variation of Brownian motion and the way we 

constructed the Ito integral, always evaluating the integrand at the left-hand endpoint of the subinterval (see the 

right-hand side of (4.3.4)). If we were instead to evaluate at the midpoint, replacing the right-hand side of (4.3.4) 

by

then we would not have gotten this term (see Exercise 4.4). The integral obtained by making this replacement is 

called the Stratonovich integral, and the ordinary rules of  calculus apply to it. However, it is inappropriate for 

finance. 





Section 4.4.1 Ito-Doeblin Formula for Brownian Motion

We want a rule to “differentiate” expressions of the form 𝑓(𝑊(𝑡)), where 𝑓 𝑥 is a 

differentiate function and 𝑊(𝑡) is a Brownian motion. If 𝑊(𝑡) were also differentiate, then 

the chain rule from ordinary calculus would give   
𝑑

𝑑𝑡
𝑓 𝑊 𝑡 = 𝑓′ 𝑊 𝑡 𝑊′(𝑡) or 

𝑑𝑓 𝑊 𝑡 = 𝑓′ 𝑊 𝑡 𝑊′ 𝑡 𝑑𝑡 = 𝑓′ 𝑊 𝑡 𝑑𝑊(𝑡)

W has nonzero quadratic variation, the correct formula has an extra term, it is the Ito-

Doeblin formula in differential form

𝑑𝑓 𝑊 𝑡 = 𝑓′ 𝑊 𝑡 𝑑𝑊(𝑡) +
1

2
𝑓′′ 𝑊 𝑡 𝑑𝑡

Integrating this, we obtain the Ito-Doeblin formula in integral form:

𝑓 𝑊 𝑡 − 𝑓 𝑊 0 = න
0

𝑡

𝑓′ 𝑊 𝑢 𝑑𝑊 𝑢 +
1

2
න
0

𝑡

𝑓′′ 𝑊 𝑢 𝑑𝑢

Ito integral ordinary (Lebesgue) integral with 

respect to the time variable
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