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6.3 The Markov Property

Consider the stochastic differential equation (6.2.1) => dX(u) = B(u, X(u))du + y(u, X (u)) dW (u).

Let 0 <t < T be given, and let h(y) be a Borel-measurable function.
Denote by g(t, x) = Et'xh(X(T)), the expectation of h(X(T))
where X (T) is the solution to (6.2.1) with initial condition X(t) = x .

(assume that E**h(X(T)) <o)

Note : there is nothing random about g(t, x) => Because of expectation

it is an Borel-measurable function of the two dummy variables t and x



6.3 The Markov Property

If not have an explicit formula for the distribution of X (T) ,0ne way to do this would be to use the
Euler method :choose a small positive step size 6 and beginning at X(T) = x

Thenset X(t + &) = x + B(t, x)6+y(¢, x)\/Eel O is chosen so that (%) is an integer

Next step X (t + 28) = x(t + 6) + B(t + &, X (t + 6))6+y(t + 6, X (t + 6))V6e,

Where €, & €, are a standard normal random variable and independent

By this device, one eventually determines a value for X(T') (corresponding to one w )

Now repeat this process many times and compute the average of h(X(T)) over all

these simulations to get an approximate value for g(t, x).

Note : if one were to begin with a different time t and initial value x, one would get a different

answer . This dependence on t and z is emphasized by the notation E** in (6.3.1).



Theorem 6.3.1.

Let X(u), u = 0, be a solution to the stochastic differential equation (6.2.1),

with initial condition given at time 0. Then, for0 <t < T

= E[h(X(D))|F(®)]| = g(t, X(®)) (6.3.2)

While the details of the proof of Theorem 6.3.1 are quite technical and will not be given
But we can the process X (u) begins at time zero, being generated by the stochastic differential

equation (6.2.1), and one watches it up to time t.

Now based on this information, to compute the conditional expectation of h(X(T)), where T > t.



Theorem 6.3.1.

Then one should pretend that the process is starting at time t at its current position, simulate the SDE
from t to T, obtain a new path, and use the resulting X (T) to compute

the expected value of h(X(T)), which gives g(t, x).

In other words, replace X(t) by a dummy x in order to hold it constant, compute

g(t,x) = Et'xh(X(T)) and after computing this function put the random variable X (t) back in place of

the dummy x.

Note : X(T) depends on X(t) and Brownian increments over [t, T], which are

independent of F(t). =>Itensuresthat E[|A(X(T)) | F(t)]| = E[h(X(T)) | X(t)]
= g(t,X(1))



6.4 Partial Differential Equations

Feynman-Kac Theorem :
relates stochastic differential equations and partial differential equations.

When this partial differential equation is solved, it yields the function g(t, x) defined in (6.3.1).

Two method to give g(t, x) :
Euler method : converges slowly & provides only a single function value at a (t, x).

By solving equation (6.4.1) : faster convergence & obtain all values of (t,x) function



Theorem 6.4.1 (Feynman-Kac)

Consider the stochastic differential equation = dX(u) = B(u, X(u)) du + v(u, X (u)) dW (u).

Let h(y) be a Borel-measurable function. Fix T > 0, and let t € [0,T] be given.
Define the function g(t, x) = Et'xh(X(T)) (6.3.1)
(assume that EY*h(X(T)) < e for all t and x)

Then g(t, x) satisfies the PDE : g,(t,x) + B(t,x)g,(t,x) + %yz (t,x)g,(t,x) =0 (6.4.1)

and the terminal condition : g(T,x) = h(x) for all x (6.4.2)



Lemma 6.4.2.

The proof of the Feynman-Kac Theorem depends on the following lemma.
Let X(u) be the solution to SDE (6.2.1) with initial condition given at O.

Let h(y) be a Borel-measurable function, fix T > 0, and let g (¢, x) be given by (6.3.1).
According to the previous Theorem 6.3.1 = E[h(X(T)) |F(t)] = g(t,X(t))

Then we can know the stochastic process g(t,X(t)), 0 <t < Tisamartingale.

PROOF: Let 0 < s <t < T begiven. Theorem 6.3.1 implies
Elh(X(T)|F(s)| = g(s,X(s)) / E[(XD)|F©®)]=g(t,X®))

If use repeated conditional expected values

E|h(X(T))|F(s)| = E|[E[h(X(T))|F(®)]|F(s)| = E|h(X(T))|F(s)| = g(s,X(s))



OUTLINE OF PROOF OF THEOREM 6.4.1

Let X(t) be the solution to SDE (6.2.1) starting at 0
From Lemma 6.4.2, g(t,X(t)) is @ martingale,so its drift term must be zero.
Therefore, the coefficient of dt in I1t6’s Lemma must be 0.

Apply 1t6’s Lemma to g(t,X(t)), using the SDE (6.2.1) for substitution

dXx(t) = B(t, X(t))dt + y(t, X(t))dW (¢t)

1
dg(t,X(t)) = g,dt + g,dX + > JxxdXdX " AX@AX () = y2(6 X))t

= gidt + pg dt +ygdW + %yzgxxdt = [gt +Bgx + %yzgxx] dt +yg,dw

Setting the dt term to zero and putting back the argument g(t,X(t))

we obtain g,(t, X()) + B(t, X(£))g.(t, X(£)) + %yz(t,X(t))gxx(t,X(t)) —0

along every path of X © g,(t,x) + B(t, ¥) g (t, ) +5¥? (£, X) gxx(t,X) = 0



Theorem 6.4.3 (Discounted Feynman-Kac)

Under the same assumptions and conditions on the SDE as before
Define the function : f(t,x) = Et'x[e‘r(T_t)h(X(T))] (6.4.3)
(assume that EY*h(X(T)) < e for all t and x)

Then f(t, x) satisfies the PDE : f;(t,x) + B(t, x)f,(t, x) + %yz (t,x)f(t,x) =71f(t,x) (6.4.4)
and the terminal condition : f(T,x) = h(x) for all x (6.4.5)
But the difference is f(t, X(t)) is not a martgale



Theorem 6.4.3 (Discounted Feynman-Kac)
OUTLINE OF PROOF:
Let X(t) be the solution to the SDE (6.2.1) startingatt=0 & f(t,X(t)) = E [e"”(T‘t)h(X(T))|F(t)]

f0 <s <t<T,then E[f(t,X(t))|F(s)] = E[E[eT"T"YR(X(T))|F(®)]|F(s)]

= E[e"'(T‘t)h(X(T))|F(§iA

differing discount terms

which is not the same as f(s,X(s)) = E [e_r(T_S)h(X(T))IF(S)] /

In order to get the martingale property from iterated conditioning

The variable being estimated can't depend on time t.

To achieve this, we “complete the discounting,” observing that

e (¢, X(t)) = E [e”""h(X(T))|F(t)] = E[e™™ f(t, X(t))|F(s)] = E[E[e”""h(X(T))|F(©)]|F(s)]
= E|E[e”"Th(X(T))|F(s)| = et (s, X(5))



Theorem 6.4.3 (Discounted Feynman-Kac)

We may now apply iterated conditioning to show that e "*f(t, X(t)) is a martingale.
The differential of this martingale is dX(t) = B(t, X(t))dt + y(t, X(t))dW (t)
dx()dXx(t) = y*(t, X(¢t))dt
—rt —rt 1 /
d(ef(t,X()) = e |-rfdt + f,dt + frdX + > frxdXdX

— 1 —
= e |=Tf + fo+ Bfadt + 57 fr| dE + e yf AW

Setting the dt term to zero and putting back the argument e‘”f(t,X(t))
we obtain f,(£,x) + B(& X)fx(6,3) + 5126 0fc(£,X) = Tf(£,X)  (64.4)

along every path of X : g,(t,x) + B(t,x)g,(t,x) + %yz (t,x)g,.x(t,x) =0



Example 6.4.4 (Options on a geometric Brownian motion)

Let h(S(T)) be the payoff at time T of a derivative security
whose underlying asset is the geometric Brownian motion = dS(u) = aS(uw)du + oS(uw)dW (u)
rewriting under the risk-neutral measure P = dS(u) = rS(w)du + ¢S(w)dW (v)

By the risk-neutral pricing formula (5.2.31) , the derivative’s price at time t is : stock price is Markov

_ Pro-r(T-
V(t) = Ele " t)h(S(T))lF(t)] (6.4.8) — payoffis a function of the stock price
We can express the price as a function v(t,x), then substitute x=5(t) to get V(t) = v(t, S(t))

v(t,x) must satisfy the PDE equation (6.4.4)

1
dle"v(t,S(t))) =e™™ [—rvdt + v, dt + v,dS + EvSSdeS] ds(t) = aS(t)dt + aS(t)dW(t)
ds(t)dS(t) = a*S?*(t)dt

= et |—1v + v, + yS(O)vsdt +5 0282 (t)vss| dt + e oS (D) fsdW

along every path of S : v,(t, x) + yxv,(t, x) + %azxzvxx(t, x) = rv(t, x)



Example 6.4.4 (Options on a geometric Brownian motion)

If 0 depends on time and stock price (i.e.o(t, x)),then the stock price would no longer be a
geometric Brownian motion and the Black-Scholes-Merton formula would no longer apply.

However, the option price can still be found by solving PDE (6.4.9),

with the constant a2 replaced by 6%(t, x) : v,(t, x) + yaxv,(t, x) + %02 (t, x)x%v,.(t, x) = rv(t, x)

It has been observed in markets that if one assumes a constant volatility
(6.4.9) lets us back out the o that makes the model price match the market
this o is the implied volatility. For a given maturity, implied volatility varies by strike and

typically forms a convex function, one refers to this phenomenon as the volatility smile



Example 6.4.4 (Options on a geometric Brownian motion)

To explain the volatility smile, we propose a simple model with non-constant volatility
The constant elasticity of variance (CEV) model, in which a(t, x) = ox?~1

( depends on x but nottand 6 € (0,1) )

It models volatility as S®~1, a decreasing function of price (vol falls as S rises)
Under the risk-neutral measure P, the stock SDE follows

ds(t) = rS)dt + oSt)dW(t) = 0 = ox® 1, x = S(t) = dS(t) = rS(t)dt + aS°(t)dW (t)

This explains why, for a fixed maturity, implied volatility differs by strike
To capture variation across strikes and expiries

let volatility depend on time and price,o(t, x) —the “volatility surface.”



6.5 Interest Rate Models

The simplest models for fixed income markets begin with a SDE for the interest rate
dR(t) = B(t,R(t)) dt +y(t, R(t)) dW (L)

Pricing under P ensures discounted asset prices are martingales (i.e. no arbitrage )

Models for the interest rate R(t) represents the short-term interest rate, so these are called

short-rate models , they describe how R(t) evolves randomly over time.

If the model has only one stochastic driver (e.g. a single Brownian motion), it is a one-factor model. Such
models can only produce parallel shifts of the yield curve and cannot capture changes in

slope, curvature, or other complex shape variations.



6.5 Interest Rate Models

t
Now the discount process is as given in (5.2.17) D(t) = e~ Jo R(s)ds

1
and we denote the money market account price process to be —— = efo R(s)ds

D(t)

As discussed following (5.2.18), we have the differential formulas

dD(t) = —R(OD(Ddt, d(D( )) 20 gt

For a zero-coupon bond with face value 1 and maturity T, the risk-neutral pricing formula ( 5.2.30) implie:
that, under the risk-neutral measure, the discounted bond price is a martingale.

In other words, for 0 <t < T, the bond price at time t B(t,T) must satisfy

D(t)B(t,T) = E[D(T)|F(t)] ( payoff=1)= D(t) = B(t,T) = E[D(T)‘F(t)] E[ - J; R(s)ds F(t)]

Define the yield between tand T to be Y (t) = —ilogB t, T) or, equivalently, B(t, T) = e Y&D{T-0)
T—t



6.5 Interest Rate Models

Since R is given by a SDE, it is a Markov process and we must have B(t,T) = f(t, R(t))
To find PDE for the unknown function f(t,7r), we find a martingale, take its differential,

and set the dt term equal to zero.

Then the martingale in this case is D(t)B(t,T) = D(t) f(t, R(t)). Its differential is
d (D(t)f(t, R(t))) = f(t, R(t))dD(t) + D(t)df(t, R(t)) = D(t) [—Rfdt + fidt + fdR + % frrdRdR

_ ) _ dD(t) = —R(t)D(t)dt /
=D(O[-Rf+ f; + Bfr +5v*frr]dt + D(O)y frdW dR(t)=B(t,R(t)) dt+y(t,R(t)) dW(t)

dRdR(t)=y*(t,R(t)) dt
Let dt = 0, we obtain the PDE f;(t,r) + B(t,r)f-(t, ) + %yz(t, rf(t,r) =rf(t,r) (6.5.4)

We also have the terminal condition f(T,r) = 1 forallr (bond at maturity is its face value 1)



Example 6.5.1 (Hull-White interest rote model)

In the Hull-White model , the evolution of the interest rate is given by
dR(t) = (a(t) — b()R(t))dt + o(t) AW (t)
(where a(t), b(t), and o(t) are nonrandom positive functions of time )

The partial differential equation (6.5.4) for the zero-coupon bond price becomes

d (D(t)f(t, R(t))) = f(t, R(t))dD(t) + D(Y)df(t, R(t)) = D(t) [-Rfdt + f;dt + frdf + % f,ﬂrc‘l}dR]

1 ~ dR(t) = (a(t) — b(t)R(t))dt t) dW(t
= D(O[-Rf + f; + = (@(t) = BOROYf; + 202 fr]dt + DGO ;AW G ooty T o0 A

Let dt = 0, we obtain the PDE f,(t,r) + (a(t) — b()r)f, (t,r) + iJz(t)frr(t, r)=rf(t,r) (6.5.6)



Example 6.5.1 (Hull-White interest rote model)

To find the f (¢, r) that satisify (6.5.6)

We initially guess and subsequently verify that the solution has the form
f(t, T) =e—rC(t,T)—A(t.T)

(for some nonrandom functions C(t,T) and A(t,T) to be determined of t € [0, T] )
In this case, the yield Y(t,T) = Ti_tlog f(t,r) = Ti_t (rC(t,T) + A(t, T))

(an affine function of r (i.e., a number times r plus another number)

Furthermore,
(t,r) = —rC'®T) — A'(t, T))f (t,r) (Both Cand A are differentiated with respect to t)
t

fr(t,r) =-CEt,T)f(t,7)
frt,r) = C*(t TSt 7)



Example 6.5.1 (Hull-White interest rote model)

Substitution into the PDE (6.5.6) gives
(—rC'(t, T) — A'(t,T))f (t,1) +(a(t) — b(O)r) * —C(t, T)f(t, r)+% o2C*(t, T)f(t, 1) — rf=0

= [(—=C'(t, T) = b@®)C(t, T) — Dr-A'(t,T) — a(t)C(t, T)+% o?C%*(t,T)] f(t,1)=0 (6.5.7)

Because this equation must hold for all r,that
-C'(t, T)-b()C(t, T)—1)=0=C'(t,T) = b(t)C(t, T) — 1) (6.5.8)

—A'(t,T) — a(t)C(t,T) + %azCz(t, T)=0 = A'(t, T)=—a(t)C(t,T) + %JZCZ(t, T) (6.5.9)

And it must also meet the terminal conditions of 6.5.5, that C(T, T) = A(T, T) =0

Therefore, we can obtain
C(t,T) = [, el bWdugs (65.10)

A(t,T) = [, (a(s)C(s,T) — 7 02C%(t, T))ds (6.5.11)



ECET) » BIHIC (L T) — bOC(ET) = —1 X FRERR IR Fu() = e/ 20

LA PG E u ()@, T) — u(®b(®)C(ET) = —u(t)

EEP% u()Ct, T) =u®)C'(t, T)+u'(t)C(t,T) = —u'(t) = =b@ult) = ul@®)C'(t, T) + =b(t)u(t)C(t, T)
= u(9C(, T) = —u()

FIEH Lu®CE DEAE = [ u@)C'(6,T) = u)CT,T) - u©)C(,T) = BBEBIELECT,T)=0

T d s
= —u()C(t,T) = - [, u(s)ds = C(t,T) = J UIZS) N Eq:% _ ol bwau

E#OE C(t,T) = ftT e~ Ji bWdugs (65 .10)

MEA(, TR EBHHA (t, &S = ftT A'(t,T) = A(T,T) — A(t, T) = ftT —a(s)C(s,T) + %UZCZ(S, T)ds

=R EEIHIGEAT,T) =0 » AFRIA,T) = | tT(a(s)C (s,T) — %O’ZC 2(s,T)ds



Example 6.5.3 (Option on a bond).

Consider the general short-rate model (6.5.1) dR(t) = B(t, R(t)) dt + y(t, R(t)) dW ()
Let0 <t < T; <T5.Inthis example, T, = zero-bond maturity , T; = European call option maturity

We wish to determine the value of this call at time t

Suppose we have solved for the function f(t,r) satisfying the partial differential equation (6.5.4) together
with the terminal condition (6.5.5)
According to the risk-neutral pricing formula (5.2.31) and the Markov property,
the value of the call at time t is
1

pg ELPTDU (T, RTD) = K)*[F(O)

c(t,R(t)) = E[e” fi ! R (£(T(,R(Ty)) — K)*|F(t)] =

discounted call price D(t)c(t, R(t)) = E[D(T1)(f(T1,R(T1)) — K)*|F()|,0 <t < T,



Example 6.5.3 (Option on a bond).

The discounted call price is a martingale ,by discounted Feynman-Kac Theorm

The diflerential of the discounted call price is

d (D(t)c(t,R(t))) = c(t,R(¢t))dD(t) + D(t)dc(t,R(t))

1 1 —
=D [—Rcdt + c;dt + c,.dR + 2 CrrdeR] =D [—Rc + ¢; + Bc, + Eyzcrr dt + Dyc,.dW

Because martingale that dt=0

c,(t,7) + Bt ), (t, 1) + %yz (t,r)c,(t,7) = rc(t, 1)

The terminal condition for c(t,r) is

c(T,r)=(f(T{,r) — K)" forallr



