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Theorem 4.6.5 ( Levy, two dimensions )

Let M,(r) and M,(?), t > 0, be martingales relative to a filtration F#(7), t > 0.
Assume that for i = 1,2, we have M(0) = 0, M (¢) has continuous paths, and [M,, M;](¢) = ¢ for
all t > 0. If, in addition, [M;, M,](¢#) = 0 for all t > 0, then M,(¢) and M,(t) are independent

Brownian motions.

Recall Theorem 4.6.4 (Levy, one dimension)

@®
Let M(?),t > 0, be a martingale relative to a filtration F#(z). t > 0. Assume that M(0) = 0, M(?)

v)
has continuous paths, and [M,M](t) =t for all t > 0. Then M(¢) is a Brownian motion.

= M, (t) and M,(t) are Brownian motions.




proof.

To show independence, we examine the joint moment-generating function.

Let (%, x, y) be a function whose derivatives are defined and continuous. The two-dimensional

116-Doeblin formula implies that Jt

dt 0
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1 1



proof: )0 [Fu L M), M) 15, S oy ) MrA) ) £ By Uy ML)y Mols) ) ]

L [ WS 1wy w0

We integrate both sides to obtain JD//MPEMN»}/;LM\?WV) ”V)
- ,l w%(va "A/\y > °1
1 (1M, 0), M) B e
f 1 1
= f(0,M,(0), M»(0)) + L 1 (5. M, (s), My(s)) + > (5, M (5), My(s)) + >y (5, M (5), My(s)) | ds

[
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Taking expectations on both sides
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proof.

Now, fix numbers u; and u, and define

|
f(t,x,y) = exp {ulx Uyy — 5(1412 uzz)t}

1
Thenft(taxay) — = 5(1412 T uzz)f(t,x,y) a ch(taxa}’) — ulf(taxay) a fy(taxvy) — uzf(t,x,y)
fult.x,y) = uf ft, x,y), f,,(t.x,y) = us f(t,x,y)

the second term on the right-hand side is zero

1
= exp {ulMl(t) + u,M,(t) — E(Mf + uzz)t} =1

L 2 I 5 I
=[E exp {ulMl(t) uzMz(t)} = exp E(Ltl uy)t ¢ = exp Eult exp Euzt

“[e M) x E[e 22D M (£), M, () must be independent.




4.7 Brownian Bridge

This is a stochastic process that is like a Brownian motion except that with probability one.
It reaches a specified point at a specified positive time. We first discuss Gaussian
processes in general, the class to which the Brownian bridge belongs, and we then

define the Brownian bridge and present its properties. The primary use for the Brownian

bridge in finance is as an aid to Monte Carlo simulation.



4.7.1 Gaussian Processes

Definition 4.7.1.

A Gaussian process X(7), t > 0, is a stochastic process that has
the property that, for arbitrary times 0 < ¢, <1, < ... <, the random variables

X(t),X(t,), ...,X(t,) are jointly normally distributed.

The joint normal distribution of a set of vectors is determined by their means and covariances. Therefore,

for a Gaussian process, the joint distribution of X(#,), X(%,), ..., X(¢,) is determined by the means and

covariances of these random variables.

We denote the mean of X(t) by m(t), m(#) = EX(¢)

And denote the covariance of X(s) and X(t) by c(s, t) = Ec(s, t) = E[(X(s) — m(s))(X(?) — m(7))].




4.7.2 Brownian Bridge as a Gaussian Process

Definition 4.7.4.
Let W(¢) be a Brownian motion. Fix T > 0. We define the Brownian bridge from 0 to 0 on [0,

T] to be the process
[
X(t) = W(1) — ?W(T) L O0<t<T.

[
Note that ?W(T) as a function of t is the line from (0, 0) to (T,W(T))
We have subtracted this line away from the Brownian motion W(t), the resulting process X(t)

satisfies X(0) = X(T) =0



Recall 3.3.2

Because the increments of brownian motion are independent
and normally distributed, the random variables

ForO <t <t <...<t,<T,the random variables W), W(zy), ..., W(z,,) are jointly normally distributed.

[ [
X(t) = W(¢)) — —;W(T), LX) = W) — —;W(T) are jointly normal because W(z,),..., W(z,), W(T) are

jointly normal. Hence, the Brownian bridge from 0 to O is a Gaussian process.

so, the function is easily seen to be

m(t) = EX(r) = [W(t) — iW(T)] =0 ,

T
\) [

C(S, t) — |C W(S) — ?W(T) W(t) — ?W(T) Recall 3.3.2

f g gt e The covariance matrix for Brownian motion
= E[W(s)W(t)] — =E[W(s)W(T)] — =E[W()W(T)] A —[WZ(T)] (i.e., for the m-dimensional random vector

T T T? wWi(t).WI(t,), - .W(t i

( (1)’ (2)’ ’ (,,.,)))IS
Yof ot of E[WR()]  EBW()W(s)] - E[W()W(,)] B & ]

= SAI T I - =SATl— ? E[W(rzs)W(tl)] E[W’(toﬂ E[W(rz?w(t,,,)] _ t] r .t




Definition 4.7.5.

Let W(t) be a Brownian motion. Fix T >0, a € R, and b € R. We define the Brownian bridge

from a to b on [0, T] to be the process

(b — a)t

X0t = a A - - X(7), 0<t<T,
The mean function is affected
—b —b (b — Cl)t
m“~(t) = EX“7Y(t) = a + - :
the covariance function is not affected
i ] St
Ca—>b(S, t) — [F (Xa_)b(S) _ maab(s)) (Xa_)b(l‘) _ ma—>b(t)> — G At - .
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4.7.3 Brownian Bridge as a Scaled Stochastic Integral

We cannot write the Brownian bridge as a stochastic integral of a deterministic integrand

because the variance of the Brownian bridge isn't monotonically increasing

> HT—t
—Xz(t)zc(t,t)zt—7= ( - )
Obtain a process with the same distribution as the Brownian bridge from 0 to 0 as a scaled

stochastic integral. In particular, consider

[

Y(t):(T—t)[ Tl dWu), 0<tr<T.
0 — U

The integral

[
1
(1) = J dW(u) is a Gaussian process



Recall Theorem 4.4.9 (Ito integral of a deterministic integrand).

Let W(s), s > 0, be a Brownian a motion, and let A(s) be a nonrandom function of time.
[

Define I(t) = J A(s)dW(s). For each t > 0, the random variable I(t) is normally distributed

0
[

with expected value zero and variance Var I(t) = J A?(s)ds
0



ForO<f <t <...<t, <T, the random variables
Y(#) = (T = t)I(t)), Y(5,) = (T — p)I(ty),. .., Y(,) = (T —1,)I(1,)
are jointly normal because I(t), I(¢,), . .., I(t,) are jointly normal. In particular, Y

Is a Gaussian process.

The mean and covariance functions of [/
SAL 1 1

|
m'(t) = 0 ,c!(s, 1) = J T—w? du = S for all s,t € [0,T)
) _ _

so that m* () = 0, we assume for the momentthat 0 < s <t < T

c'(s,1) = E[Y(s)Y(1)] = E[(T — s)(T = HI()[()] = (T = s)(T — 1) - ¢'(s, 1)

(T — 1)s St
=(T—-s)(T—-1)- = =S
(T — s) T T
If we had taken O < s, < T
v st
c'(s,0)) =SAt forall s,t € [0,T)

I



Theorem 4.7.6.

(T — t)j(; Tiu dW(u), for0<t<T,
0, forr=T.

Define the process
Y(r) = {

Then Y (t) is a continuous Gaussian process on [0, T] and has mean and covariance

functions.

mi()=0, te]l0,T]

y st
c'(s,t)=8sANt - forall s, t € [0,7T]

In particular, the process Y (t) has the same distribution as the Brownian bridge from 0 to O

on [0, T]



Corollary 4.6.3 (Ito product rule)
Let X(t) and Y (1) be I1t0 processes. Then

compute the stochastic differential of Y(¥), dX()Y(t)) = X()dY (1) + Y()dX(¢) + dX()dY (7).
[ [ 1
dY(t) = J dWw) -d(T'—t)+(T'—1t)-d J dW(u)
ol —u ol —u
" Y(1)
= — dWu) - dt + dW(r) = dt + dW(t)
ol —u ' —1
. Y(1) . . .
If Y(¢) > 0ast— T, the drift term - tdt becomes large in absolute value and is negative.

This drives Y(7) toward zero.
On the other hand, if Y(¢) < 0, the drift term becomes large and positive, and this again drives
Y(?) toward zero.

This strongly suggests, and it is indeed true, that as t — 7 the process Y(¢) converges to zero

almost surely.



