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Introduction
● The goal of this section is to derive the joint density for a Brownian motion 

with drift and its maximum to date.
● Given a Brownian motion                     on a probability space  
● Assume that        is a martingale (no drift) under   , and starts at 0
● We else define a Brownian motion                                         , having a drift 

under  
● We then define 
● We observe that             so           , 

       and also clearly we have 

● We would like to discuss the pair of 

 random variables 





recall:



proof:
We want to show that        is a Brownian motion with no drift at a new probability 
measure    defined by the exponential martingale

Using the notation of Girsanov Theorem, we take               , hence we have :

                                                                  , and 

By Girsanov Theorem,                                             

And                                                               , hence       is a Brownian motion with zero 
drift under the probability measure    , since we know that        is a martingale under

Now by Theorem  3.7.3  we have the joint density for               under    is     



proof(continue):

To obtain the joint density of                under    , we recall Lemma 5.2.1,

And hence we have   





proof:



proof(continue):



proof(continue):


