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Introduction

The goal of this section is to derive the joint density for a Brownian motion
with drift and its maximum to date.

Given a Brownian motion w),0 <t < 7 On a probability space (o, F,P)
Assume that W) is a martingale (no drift) under p, and starts at 0

We else define a Brownian motion w ;) = at + W(#).0 < t < T.a € R, having a drift
under p

We then define 3(x) = maziv (1)

We observe that W (o) =0 S0 M) > o,

and also clearly we have M() > W () \\
We would like to discuss the pair of A\\\\\\\

random variables (M), W)

wA

Fig. 7.2.1. Range of (M(T), W(T)).



Theorem 7.2.1. The joint density under P of the pair (A/l\ (T), W(T)) is

r 2(2m — w) aw—La?T- A (2m—-w)?
— — m,w)= e 2 2T g
fia)wa) (M) = =5 7=

w<m, m2>0,

(7.2.3)
and is zero for other values of m and w.



recall:

Theorem 3.7.3. For t > 0, the joint density of (M(t),W(t)) is

2(2m — w) _(@m-w)?
fmey,we(m,w) = (tth)e %, w<m,m>0. (3.7.7)

Theorem 5.2.3 (Girsanov, one dimension). Let W(t),0<t< T, bea
Brownian motion on a probability space (2, F,P), and let F(t), 0 <t <T,

be a filtration for this Brownian motion. Let ©(t), 0 < t < T, be an adapted
process. Define

Z(t) =exp{— /; " O(u) dW () - % /0 t 92(u)du}, (5.2.11)

W(t) = W(t) + / t 6(u) du, (5.2.12)
0
and assume that! =
E / 6%(u)Z*(u) du < oo. (5.2.13)
0

Set Z = Z(T). Then EZ = 1 and under the probability measure P given by
(5.2.1), the process W(t), 0 <t < T, is a Brownian motion.

P(A) = /A Z(w) dP(w) for all A € F.



proof:
We want to show that () is a Brownian motion with no drift at a new probability
measure p defined by the exponential martingale Z(t) = e-eW® 1o’ = g-eW(®)+3a® o< < T,

Using the notation of Girsanov Theorem, we take #(u) = a, hence we have :
[) O(w)dW (t) :/0 adW (t) = a(W(t) — W(0)) = aH ), and / (w)du —/ a*du = a’t

By Girsanov Theorem, Z(t) = exp{— / t O(u) dW (u) — = / 62 (u) du} = e—aW(t)-ja’t

And W(t) = W () + / adu = at + W(1).0 < t <T.a € R, hence W(i)is a Brownian motion with zero
drift under the probability measure P, since we know that i () is a martingale under P

Now by Theorem 3.7.3 we have the joint density for (7@, iw@)under pis

2(2m 'UJ) ___(2m w)2

Pos o m,w w<m, m>0, 724
fM(T),W(T)( ) = TV2rT ( )



proof(continue):

To obtain the joint density of (3().w @) under P, we recall Lemma 5.2.1,

Lemma 5.2.1. Let t satisfying 0 < t < T be given and let Y be an F(t)-
measurable random variable. Then

EY = E[Y Z(t)). (5.2.8)

And hence we have  B{M(T) < m, W(T) < w}

E[H{ﬁ(T)Sm,W(T)Sw}]

w m 5 2TA
=‘/—oo /;ooe v fﬁ(T).W(T)(I’y) dz dy.

Therefore, the density of (JT/T (1), W(T)) under P is

32
om ow

I’[;’{M\(T) <m,W(T) < w} = ea‘"“%aszﬁ(T) wer) (M, w). (7.2.5)



Corollary 7.2.2. We have

P{M(T)<m)}=N (m\;;T) — e2emN (_m\/_;T) , m>0, (7.2.6)

and the density under P of the random variable M (T) is

r 2 - —aT)? —m —aT
fﬁ(T)(m) = x/2_7r_ff'e 7= (m—aT) _2062amN( 7T ), m >0, (7.2.7)

and is zero for m < 0.



proof:
P{M(T) < m}
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Fig. 7.2.2. The region M (T) £ m.



proof(continue):
We complete the squares. Observe that

s 2
1 2 _ W 1
7‘ﬁ(w"aT) —"ﬁ-"a‘w—éa T

Therefore,

il?’{T‘Z(T) < m}

e2am m

m
e—glr(w—%u—u'f’)z / e—*(w—uT)a i

1
Vz"rT —00 VZWT =

We make the change of variable y = “=22-2L in the first integral and v =
“=2T in the second, thereby obtaining

— 2u1n,
F{M(T)5m}= \/2_7;»_/ L e Uk dy+——-/7_ 1 g,

— _g2mpN (—méaT) L (L\/;T) |




proof(continue):

o g2am p=mael mse To obtain the density (7.2.7), we differentiate (7.2.6) with respect to m:
IP{M(T) Sm} = —E /_w et dy + #‘/_m e gy d ( ) (
20m -m— ol m—aT

—m — aT)

e (=577) () -2 (2

2am a1/ _m'—aT) ( 1 )
—e N | —— o e
( vT vT
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The exponent in the third term is
(-m—al)* _4dam m?+ 2amT + o®T?

2am — oT 5T 5T
_ m? — 2amT + o?T?
MO = 3
_ (m—aT)?
=~

which is the exponent in the first term. Combining the first and third terms,
we obtain (7.2.7). O



