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Terminology

o W(t) = (W1(t), W2(1), ..., Wd(t)), is a d-dimensional Brownian motion on the
actual probability space (£, F,P), where P is the actual probability measure.

e Associating to this Brownian motion, we have the filtration (multidimensional)
F(t), also we have a fixed final time T, and we denote F(T) as F.



Theorem 5.4.1 (Girsanov Theorem for Multidimensional)

Theorem 5.4.1 (Girsanov, multiple dimensions). Let T be a fized pos-
itive time, and let O(t) = (6,(t),...,064(t)) be a d-dimensional adapted pro-
cess. Define

Z(t) =exp{—- /0 O(u) - dW (u) — -;- /0 ||9(u)||2du}, (5.4.1)
W(t) = W(t) + / t 6(u) du, (5.4.2)
0

and assume that -
E/ ||6(u)||2Z2(u) du < oo. (5.4.3)
0

Set Z = Z(T). Then EZ = 1, and under the probability measure P given by

P(A) = fA Z(w) dP(w) for all A € F,

the process W(t) is a d-dimensional Brownian motion.



basic concept:

e Multidimensional Ito’s integral can be viewed as a matrix form integral:
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/ edn':/ Lo |d] | = : . and hence [ O(u)-dW(u) = Z O;(u)dW;(u)
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e ()| denotes the Euclidean norm, which is [€()] = ((}_ ©2(u)))?
j=1

. . t
e W =W +/ O(u)du SIMply represents Wi(t) = Wj(t) +/ Oj(u)du, j=1,...d
0 0

T
e The condition IE(/ |©(u)||* Z%(u)du) < oo ensures that the defining Ito’s integral is
0
well-defined and is a martingale

e Moreover, it ensures the process is in LL? , and ensures the Hilbert properties



recall: Multidimensional Levy Theorem

o Let W1(t), W2(t), ..., Wd(t), t =0, be martingales relative to a
filtration F(t).

All Wi(0)=0, i=1,2, ...,d.

All Wi(t) has continuous paths.

All [Wi,Wi](t)=t, for all t>0.

All [Wi,Wj](t)=0, for all i #j, and i,j=1,2, ...,d.

Then we have W1,W2, ..., Wd are independent Brownian motions.
Or we can also see that let W (¢) = (Wi(#), ....Wq(t)), then W is a
standard d-dimensional Brownian motion, and we would like to
specifically recall the fact that by definition, aW;(t)dW;(t) = 0,Vi # j



proof:

We want to show that 1y satisfies the Multidimensional Levy’s Characterization Theorem
and hence we can conclude that 1y is a standard d-dimensional Brownian motion.

Before that, we would first prove:
Z(t) = exp(— /te( 0) - dW / 1©(w)|)* du) , then E(Z(t)) =1,vt>0
0

Simply set f(z) =€ X(t) = —/0 O(u) - dW( / 16(w)||* du | then we have
dZ(t) = d(f(X (1)) = f (X ()dX + .lf"(X(t))(dX)“

d d

ZO i (lH](u)—— 1©(w)||” (111)-{—2(\“) ||€)(u)|| du = ZG u)Z(t )(l‘*‘-’j(u), hence martingale_
j=1 j=1

Therefore, E(Z(t)) = E(E(Z(t)|F(0))) =E(1) =1,¥t > 0

— X(0)(—

Now we prove the rest:



continue:

Easily observe that all w;(«) start at O having continuous paths, also the quadratic
variation can be computed as gy (¢ ) (dW (t) + O(t)dt)? = dt

Also we see that dW,(t)dIV;(t) = (dW(t) + ©,(t)dt)(dW; (t) + ©,(t)dt) = 0.¥i # j

To prove that W) is a martingale under P, consider:

P

AW Z(t )) W (H)dZ (£)+dW (1) Z (£)+dW (£)dZ () =

d
Ze £)dW; (w))+Z () (dW (£)+O(t)dt)+(dW (t)+O(t)dt)(— Zej(t)Z(t)(ll-Vj(t)) — (—W(0)O()+1)Z(t)dW (1)

j=1

Hence, using Lemma 5.2.2, we obtain E[W#)|7(s)] = Z(s )E[W(t)Z(t)lf ()] = mw(s)z(s) =W(s),

and the proof is done.

Lemma 5.2.2. Let s and t satisfying 0 < s <t < T be given and let Y be an
F(t)-measurable random variable. Then

E[Y|F(s)] = —E[Y Z(t)| F(s)]. (5.2.9)

Z()



Theorem 5.4.2 (Multidimensional Martingale Representation )

Let T be a fized positive time, and assume that F(t), 0 < t < T, is the
filtration generated by the d-dimensional Broumian motion W(t), 0 <t < T.
Let M(t), 0 <t < T, be a martingale with respect to this filtration under P.
Then there is an adapted, d-dimensional process I'(u) = (I (u),...,I4(u)),
0<u<T, such that

M(t) = M(0) + /0 t I(u)-dW(u), 0<t<T. (5.4.4)

If, in addition, we assume the notation and assumptions of Theorem 5.4.1 and
if M (t), 0<t<T,isaP- martmgale, then there is an adapted, d-dimensional

process I'(u) = (I (), ..., Ta(u)) such that

M(t) = M(0) + /o t F(u)-dW(u), 0<t<T. (5.4.5)



proof(simple):

We first introduce a important theorem,Ito’s Representation theorem:

Let F € L*(F™(t).P), then there uniquely exists a stochgsti.c process O(t, w).
which is progressively measurable such that F(w) = E(F )+ / O(t. w)dW (t)

0
Now to prove our case. simply take F=M(t) and we are done.



Multidimensional Market model

Assuming there are m stocks, each having SDE dsi(t) = ai()Si(t) dt + Si(t) 3o (O dW;(t), i=1,...

7=

It is clear that these stocks are correlated, to see this we define:

JZU t) £0 and Byt Z/ ”’J m =1,..m
0

d_ 52
We see that each B is a contlnuous martlngale, and (dB;(1)? = Z”g_((gdt = dt

=1 7

By Levy’s Theorem, each B is a Brownian motion, then we rewrite:

dSi(t) = a,-(t)S;(t) dt + ai(t)S,-(t) dB(t)

d

We see that dBi(t)dB(t) = % dt = pi(t)dt, ¥i # k, using product rules:
=1 7ne

d(Bi(t)Bi(t)) = Bi(t)dBi(t) + Bi(t)dBi(t) + dBi(t) Bi(t)

, M.



Continue:

t t t
We can obtain: B;(t) Bi(t) :/ B;(u)dBy(u) +/ Br(u)dB;(u) +/ pi(w)du
0 0 t 0
Taking expectation on both sides: Cov[Bi(t), Bi(t)] = E( / pir(w)du)
0

If 04;(t),0k;(t) is a constant, then Couv|Bi(t), B(t)] = pt. sinceB;(t), B(t) both have variance t,

so the correlation is p, which we call it instantaneous correlation.

We note that: ds;(t)dSi(t) = ai(t)ox(t)S: () Sk(t)dB: (t)dBi(t) = pix (t)oi(t)or (t)S;(t) Sk (t)dt

dSi(t) . dSk (t)
Si(t)  Sk(t)

Finally we define a discount process: D(t) = ¢~ lo Rwdu 3ssuming that R is an adapted
process, then we have:

= pix(t)oi(t)ox(t)dt

d
d(D(t)S;(t)) = D(t)dS;(t)—R(t)S;(t)dt = D(t)S;(t)[(c;(t) (t)dt+z o3 (t)dW;(t)]
= D(8)S;()[(0 ()~ R(8)dt) +0,()dB;(1)).i = 1,....m -



