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Definition

4.6.1 Multiple Brownian Motions
Definition 4.6.1. A d-dimensional Brownian motion is a process
W(t) = (Wi(t),..., Wa(t))

with the following properties.

(i) Each W;(t) is a one-dimensional Brownian motion.
(ii) If i # j, then the processes W;(t) and W;(t) are independent.

Associated with a d-dimensional Brownian motion, we have a filtration F(t),
t > 0, such that the following holds.

(#) (Information accumulates) For 0 < s < t, every set in F(s) is also in
F(t).

(iv) (Adaptivity) For eacht > 0, the random vector W (t) is F(t)-measurable.

(v) (Independence of future increments) For 0 < t < u, the vector of
increments W(u) — W (t) is independent of F(t).



Notes
dW;(t) dW;(t) = dt. dW;(t) dW,(t) =0, i # J.

proof:

Let IT = {tq,...,t,} be a partition of [0, T]. For i # j, define the sampled
cross variation of W; and W; on [0, T to be

n—1

Cn=Y_ [Wiltksr) — Wilt)] [Wi(tksr) — W;(te)]-
k=0

The increments appearing on the right-hand side of the equation above are
all independent of one another and all have mean zero. Therefore, ECj; = 0.



proof(continue):

n—1

Cn = Z [Wi(te+1) — Wilte)] [Wi(tker) — Wj(te)]-

k=0

We compute Var(Cjr). Note first that

Ch = 3 [Wilter) - Wlto)]* (W i) — W (2]
k=0
23 [Witers) - Wilte)] W (tesn) — Wi t0)]
<k

[Wiltkar) = Wite)] [Wi(tke1) — Wi(tk))-

All the increments appearing in the sum of cross-terms are independent of
one another and all have mean zero. Therefore,

Var(Cjr) = ECY = Ei [Wiltks1) — Wi(te)) [Wi(tksr) — Wita)]™.
k=0

But [Wi(tk+1) — W,-(t,,)]2 and [W;(te41) — W; (tk)]2 are independent of one
another, and each has expectation (tx4+1 — ti). It follows that

n—1 n—1
Var(Cr) = Y (trsr — tx)? < M- Y (thsr — &) = Tl - T

As || II|| — 0, we have Var(Cyy) — 0, so Cy converges to the constant ECy =



Ito-Doeblin formula for Multiple processes(for 2-dimentional)

Let X (t) and Y (¢) be It0 processes, which means they are processes of the
form

X(t) = X(0) + /0 "1 (u)du + /0 " o11(w) Wi (u) + /0 " o12(w) AW (a),

Y (t) =Y(0) +[) O2(u) du +/(; 021(u) dWi(u) +/0‘ 022(u) dWa(u).

The integrands ©;(u) and o;;(u) are assumed to be adapted processes. In
differential notation, we write

dX (t) = 6:(t) dt + o11(t) dW;(t) + o12(t) dWa(t), (4.6.1)
dY(t) = 62(!) dt + 091 (t) dW) (t) b Uzz(t) dWs (t) (4.6.2)

The It6 integral fot o11(u) dWi(u) accumulates quadratic variation at rate

0%, (t) per unit time, and the Itd integral fot o12(u) dW3(u) accumulates
quadratic variation at rate o%(t) per unit time. Because both of these in-
tegrals appear in X(t), the process X (t) accumulates quadratic variation at
rate 0%, (t) + o3,(t) per unit time:

t
P X10 = [ (R + ofy(w) du
We may write this equation in differential form as

dX(t)dX (t) = (o2, (t) + o2,(2)) dt. (4.6.3)



proof:

Ax) dxE) = (8, ® dt + 51 ) LU, ) + 65 (o) A )

> = 2 2
= 912_(’0) dt + 611 (%) &l&)\(t) T(S;:(’t)O\Wzlb)+(2@1(f)d{z§\|lt\dw|u’:)

t 9\61(\7) dt {22(.17)0\(/\)2_(_-& =t 20,”(1) § 22 (—t)dwd‘t)dl/\)z,u:’)

= [J‘T(_t)+0:;w)] dt.



Continue

In a similar way, we may derive the differential formulas

dY (t) dY (t) = (03, (t) + 024(t)) dt,
dX (t) dY (t) = (o11(t)o21(t) + o12(t)o22(t)) dt.

Equation (4.6.5) says that, for every T' > 0,

v i
[X, Y] (T) - ./(; (011 (t)0'21 (t) + 0’12(t)0’22(t)) dt.

(4.6.4)
(4.6.5)

(4.6.6)



Theorem 4.6.2. (Two-Dimentional Ito-Doeblin formuila)

Theorem 4.6.2 (Two-dimensional It6-Doeblin formula). Let f(t,z,y)
be a function whose partial derivatives fi, fz, fy, fez, fzy, fyz, and fyy are
defined and are continuous. Let X(t) and Y (t) be Ito processes as discussed
above. The two-dimensional It6-Doeblin formula in differential form is

df (t, X (), Y (¢))
=fi(t, X (t), Y (t)) dt + fo(t, X(t), Y () dX(t) + £, (t, X (), Y (t)) dY (t)

+ % fzz (8, X (2), Y (2)) dX (t) dX(t) + foy (8, X (2), Y (t)) dX () AY ()
+% fuu (6, X (2),Y(t)) dY (t) dY (2). (4.6.8)

Before discussing formula (4.6.8), we rewrite it, leaving out ¢ wherever
possible, to obtain the same formula in the more compact notation

df(t,X,Y) = frdt + frdX + fydY
1 1
+5 ez AX dX + foy dX dY + 5 fyy dY aY. (4.6.9)



proof:
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Corollary 4.6.3. (Ito product rule)

df(t, X,Y) = frdt+ fzdX + fydY
1 1

Corollary 4.6.3 (I1to product rule). Let X(t) and Y (t) be It6 processes.

Then
d(X(t)Y(t)) = X(t)dY(t) + Y (t)dX(t) +dX(t) dY ().

ProOF: In (4.6.9), take f(t,z,y) = zy, so that f; = 0, f =y, fy = =,
fxx=0, fmy=1, and fyy=0. D



Theorem 4.6.4. (Levy’s One-Dimentional Characterization Theorem)

Theorem 4.6.4 (Lévy, one dimension). Let M(t), t > 0, be a martin-
gale relative to a filtration F(t), t > 0. Assume that M(0) = 0, M(t) has

continuous paths, and [M, M|(t) =t for allt > 0. Then M(t) is a Brownian
motion.



proof(idea):

Lemma

Euler formula:exp(ix) = cos(x)+isin(x), where i is imaginary
M(t)-M(s)~N(O,t-s)
M(t1)-M(t2),M(t2)-M(t3),M(t3)-M(t4),...are independent



proof:
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proof(continue):
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