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Section 8.4 Finite-Expiration American Put

Definition 8.4.1. Let 0 ≤ 𝑡 ≤ 𝑇 and 𝑥 ≥ 0 be given. Assume 𝑆(𝑡) = 𝑥.

Let F𝑢
(𝑡)

, 𝑡 ≤ 𝑢 ≤ 𝑇, denote the σ-algebra generated by the process 𝑆(𝑣) as 𝑣 ranges over [𝑡, 𝑢]

and let 𝒯𝑡,𝑇 ​ denote the set of stopping times for the filtration F𝑢
(𝑡)
, 𝑡 ≤ 𝑢 ≤ 𝑇, taking values in 

[𝑡, 𝑇] or taking the value ∞.

In other words, {𝜏 ≤ 𝑢} ∈ F𝑢
(𝑡)

for every 𝑢 ∈ [𝑡, 𝑇] ;a stopping time in 𝒯𝑡,𝑇 makes the decision 

to stop at a time 𝑢 ∈ [𝑡, 𝑇] based only on the path of the stock price between times t and u.

The price at time t of the American put expiring at time T is defined to be

𝑣 𝑡, 𝑥 = max
𝜏∈𝒯𝑡,𝑇

෨𝐸 𝑒−𝑟 𝜏−𝑡 𝐾 − 𝑆 𝜏 𝑆 𝑡 = 𝑥 (8.4.1)

In the event that 𝜏 = ∞, we interpret 𝑒−𝑟 𝜏−𝑡 (𝐾 − 𝑆 𝜏 ) to be zero. This is the case when the 

put expires unexercised.



8.4.1 Analytical Characterization of the Put Price 

The finite-expiration American put price function 𝑣(𝑡,𝑥) satisfies the linear complementarity 

conditions (cf. (8.3.18)–(8.3.20))

𝑣 𝑡, 𝑥 ≥ 𝐾 − 𝑥 + for all  𝑡 ∈ 0, 𝑇 , 𝑥 ≥ 0 (8.4.2)

𝑟𝑣 𝑡, 𝑥 − 𝑣𝑡 𝑡, 𝑥 − 𝑟𝑥𝑣𝑥 𝑡, 𝑥 −
1

2
𝜎2𝑥2𝑣𝑥𝑥 𝑡, 𝑥 ≥ 0 for all 𝑡 ∈ 0, 𝑇 , 𝑥 ≥ 0 (8.4.3)

and for each 𝑡 ∈ 0, 𝑇 and 𝑥 ≥ 0, equality holds in either (8.4.2) or (8.4.3).       (8.4.4)

As with the perpetual American put, the owner of the finite-expiration American put should wait 

until the stock price falls to a certain level at or below 𝐾 before exercising, but now this level 

𝐿(𝑇−𝑡) depends on the time to expiration 𝑇−𝑡. 
The level 𝐿∗ for the perpetual American put is lim

𝑇→∞
𝐿(𝑇)

​At the other extreme, 𝐿(0) = 𝐾; at expiration, 

stock price < 𝐾: exercise ; stock price > 𝐾: not exercise ; stock price =𝐾: indifferent



No formula is known for the function 𝐿(𝑇−𝑡), but this function can be determined numerically 

from the analytic characterization of the put price provided below.

𝐿(𝑇−𝑡) decreases with increasing (𝑇−𝑡),  as shown in Figure 8.4.1. 

The set {(𝑡, 𝑥); 0 ≤ 𝑡 ≤ 𝑇, 𝑥 ≥ 0}
can be divided into two regions

stopping set:

S = 𝑡, 𝑥 ; 𝑣 𝑡, 𝑥 = 𝐾 − 𝑥 + (8.4.5)

continuation set: 

C = 𝑡, 𝑥 ; 𝑣 𝑡, 𝑥 > 𝐾 − 𝑥 + (8.4.6)

The function 𝑥 = 𝐿(𝑇 − 𝑡) forms the boundary between 𝐶 and 𝑆 and belongs to 𝑆.



Because of (8.4.4), equality holds in (8.4.3) for (𝑡,𝑥) in 𝐶, 𝑡≠𝑇. 

For (𝑡,𝑥) in 𝑆, strict inequality holds in (8.4.3) except on the curve 𝑥 = 𝐿(𝑇 − 𝑡), where equality 

holds in (8.4.3). 

Because 𝑣 𝑡, 𝑥 = 𝐾 − 𝑥 + = 𝐾 − 𝑥 for 0 ≤ 𝑥 ≤ 𝐿(𝑇 − 𝑡) we have (see Figure 8.4.1)

𝑟𝑣 𝑡, 𝑥 − 𝑣𝑡 𝑡, 𝑥 − 𝑟𝑥𝑣𝑥 𝑡, 𝑥 −
1

2
𝜎2𝑥2𝑣𝑥𝑥 𝑡, 𝑥 = 𝑟𝐾 𝑓𝑜𝑟 𝑥 ∈ 𝑆

𝑣 𝑡, 𝑥 ≥ 𝐾 − 𝑥 + for all  𝑡 ∈ 0, 𝑇 , 𝑥 ≥ 0 (8.4.2)

𝑟𝑣 𝑡, 𝑥 − 𝑣𝑡 𝑡, 𝑥 − 𝑟𝑥𝑣𝑥 𝑡, 𝑥 −
1

2
𝜎2𝑥2𝑣𝑥𝑥 𝑡, 𝑥 ≥ 0

for all 𝑡 ∈ 0, 𝑇 , 𝑥 ≥ 0 (8.4.3)

equality holds in either (8.4.2) or (8.4.3).    (8.4.4)



Because 𝑣 𝑡, 𝑥 = 𝐾 − 𝑥 for 0 ≤ 𝑥 ≤ 𝐿(𝑇 − 𝑡), we also have the left-hand derivative 

𝑣𝑥 𝑡, 𝑥 − = −1 on the curve 𝑥 = 𝐿(𝑇 − 𝑡).
The put price 𝑣(𝑡, 𝑥) satisfies the smooth-pasting condition that 𝑣𝑥 𝑡, 𝑥 is continuous, even at 

𝑥 = 𝐿(𝑇 − 𝑡).
In other words 𝑣𝑥 𝑡, 𝑥 + = 𝑣𝑥 𝑡, 𝑥 − = −1 for 𝑥 = 𝐿(𝑇 − 𝑡), 0 ≤ 𝑡 < 𝑇 (8.4.7)

The smooth-pasting condition does not hold at 𝑡=𝑇. Indeed,

𝐿 0 = 𝐾 𝑎𝑛𝑑 𝑣 𝑡, 𝑥 = 𝐾 − 𝑥 + 8.4.8 , 𝑣 𝑡, 𝑥 = 𝐾 − 𝑥 + = ቊ
𝐾 − 𝑥, 𝑥 < 𝐾
0, 𝑥 ≥ 𝐾

so 𝑣𝑥 𝑡, 𝑥 − = −1 , whereas 𝑣𝑥 𝑡, 𝑥 + = 0 for 𝑥 = 𝐿(0). 
Also, 𝑣𝑡 𝑡, 𝑥 and 𝑣𝑥𝑥 𝑡, 𝑥 are not continuous along the curve 𝑥 = 𝐿(𝑇 − 𝑡).

The equations 𝑟𝑣 𝑡, 𝑥 − 𝑣𝑡 𝑡, 𝑥 − 𝑟𝑥𝑣𝑥 𝑡, 𝑥 −
1

2
𝜎2𝑥2𝑣𝑥𝑥 𝑡, 𝑥 = 0, 𝑥 ≥ 𝐿 𝑇 − 𝑡 ,

𝑣 𝑡, 𝑥 = 𝐾 − 𝑥, 0 ≤ 𝑥 ≤ 𝐿 𝑇 − 𝑡 together with the smooth-pasting condition (8.4.7), the 

terminal condition (8.4.8), and the asymptotic condition   lim
𝑥→∞

𝑣(𝑡,𝑥)=0 (8.4.9)

determine the function 𝑣(𝑡,𝑥). Using these equations, one can set up a finite-difference scheme to 

simultaneously compute 𝑣(𝑡,𝑥) and 𝐿(𝑇−𝑡).



8.4.2 Probabilistic Characterization of the Put Price 

Theorem 8.4.2. Let 𝑆(𝑢), 𝑡 ≤ 𝑢 ≤ 𝑇, be the stock price of (8.3.1) starting at 𝑆(𝑡) = 𝑥 and with the 

stopping set 𝑆 defined by (8.4.5). Let

𝜏∗ = min{𝑢 ∈ [t,T];(𝑢,S(𝑢)) ∈ 𝑆} (8.4.10)

where we interpret 𝜏∗ to be ∞ if (𝑢,𝑆(𝑢)) doesn’t enter 𝑆 for any 𝑢 ∈ [𝑡, 𝑇].

Then 𝑒−𝑟𝑢𝑣 𝑢, 𝑆 𝑢 , 𝑡 ≤ 𝑢 ≤ 𝑇, is a supermartingale under ෨𝑃, and the stopped process 

𝑒−𝑟(𝑢∧𝜏∗)𝑣 𝑢, 𝑆 𝑢 ∧ 𝜏∗ , 𝑡 ≤ 𝑢 ≤ 𝑇is a martingale.

Proof.The Itô–Doeblin formula applies to 𝑒−𝑟𝑢𝑣 𝑢, 𝑆 𝑢 , even though  𝑣𝑢 𝑢, 𝑥 and 𝑣𝑥𝑥 𝑢, 𝑥

are not continuous along the curve 𝑥 = 𝐿(𝑇 − 𝑢) because the process 𝑆(𝑢) spends zero time on 

this curve. All that is needed for the Itô–Doeblin formula to apply is that 𝑣(𝑢,𝑥) be continuous ,

and this follows from the smooth-pasting condition (8.4.7). We may thus compute



𝑑 𝑒−𝑟𝑢𝑣 𝑢, 𝑆 𝑢

= 𝑒−𝑟𝑢 −𝑟𝑣 𝑢, 𝑆 𝑢 𝑑𝑢 + 𝑣𝑢 𝑢, 𝑆 𝑢 𝑑𝑢 + 𝑣𝑥 𝑢, 𝑆 𝑢 𝑑𝑆 𝑢 +
1

2
𝑣𝑥𝑥 𝑢, 𝑆 𝑢 𝑑𝑆 𝑢 𝑑𝑆 𝑢

= 𝑒−𝑟𝑢 −𝑟𝑣 𝑢, 𝑆 𝑢 + 𝑣𝑢 𝑢, 𝑆 𝑢 + 𝑟𝑆 𝑢 𝑣𝑥 𝑢, 𝑆 𝑢 +
1

2
𝜎2𝑆2(𝑢)𝑣𝑥𝑥 𝑢, 𝑆 𝑢 𝑑𝑢

+ 𝑒−𝑟𝑢𝜎𝑆 𝑢 𝑣𝑥 𝑢, 𝑆 𝑢 𝑑 ෩𝑊 𝑢 (8.4.11)

= −𝑒−𝑟𝑢𝑟𝐾𝕀{𝑆 𝑢 <𝐿(𝑇−𝑢)}𝑑𝑢 + 𝑒−𝑟𝑢𝜎𝑆 𝑢 𝑣𝑥 𝑢, 𝑆 𝑢 𝑑 ෩𝑊 𝑢

According to Figure 8.4.1, 

the 𝑑𝑢 term in (8.4.11) is −𝑒−𝑟𝑢𝑟𝐾𝕀{𝑆 𝑢 <𝐿(𝑇−𝑢)} ​. 

This is nonpositive, and so 𝑒−𝑟𝑢𝑣 𝑢, 𝑆 𝑢

is a supermartingale under ෩ℙ. 

In fact, starting from 𝑢=𝑡 and up until the time 𝜏∗ ​, 
we have 𝑆(𝑢)>𝐿(𝑇−𝑢), so the 𝑑𝑢 term is zero. 

Therefore, the stopped process 

𝑒−𝑟(𝑢∧𝜏∗)𝑣 𝑢, 𝑆 𝑢 ∧ 𝜏∗ , 𝑡 ≤ 𝑢 ≤ 𝑇, is a martingale.



Corollary 8.4.3.

Consider an agent with initial capital 𝑋(0) = 𝑣(0, 𝑆(0)), the initial finite-expiration put price. 

Suppose this agent uses the portfolio process Δ(𝑢) = 𝑣𝑥(𝑢, 𝑆(𝑢)) and consumes cash at rate 

𝐶(𝑢) = 𝑟𝐾𝕀{𝑆 𝑢 <𝐿(𝑇−𝑢)} ​ per unit time. Then 𝑋(𝑢) = 𝑣(𝑢, 𝑆(𝑢)) for all times 𝑢 between 𝑢=0 

and the time the option is exercised or expires. In particular, 𝑆 𝑢 ≥ 𝐾 − 𝑆 𝑢
+

for all times 

𝑢 until the option is exercised or expires, so the agent can pay off a short option position 

regardless of when the option is exercised.

Proof. The differential of the agent’s discounted portfolio value is given by (8.3.24). 

Substituting for Δ(𝑢) and 𝐶(𝑢) in this equation and comparing it to (8.4.11), we see that 

𝑑 𝑒−𝑟𝑢𝑋(𝑢) = 𝑑 𝑒−𝑟𝑢𝑣 𝑢, 𝑆 𝑢

= −𝑒−𝑟𝑢𝑟𝐾𝕀{𝑆 𝑢 <𝐿(𝑇−𝑢)}𝑑𝑢 + 𝑒−𝑟𝑢𝜎𝑆 𝑢 𝑣𝑥 𝑢, 𝑆 𝑢 𝑑 ෩𝑊 𝑢 .  

Integrating this equation and using 𝑋(0) = 𝑣(0, 𝑆(0)), we obtain 𝑋(𝑡) = 𝑣(𝑡, 𝑆(𝑡)) for all 

times t prior to exercise or expiration.



Remark 8.4.4.

The proofs of Theorem 8.4.2 and Corollary 8.4.3 use the analytic characterization of the 

American put price captured in Figure 8.4.1 plus the smooth-pasting condition that guarantees 

that 𝑣𝑥(𝑡, 𝑥) is continuous even on the curve 𝑥 = 𝐿(𝑇 − 𝑡) so that the Itô–Doeblin formula can 

be applied. 

Here we show that the only function 𝑣(𝑡, 𝑥), satisfying these conditions, is the function 𝑣(𝑡, 𝑥)
defined by (8.4.1). To do this, we first fix 0 ≤ 𝑡 ≤ 𝑇.The supermartingale property for 

𝑒−𝑟𝑡𝑣(𝑡, 𝑆 𝑡 ) of Theorem 8.4.2 and Theorem 8.2.4 (optional sampling) implies that

𝑒−𝑟(𝑡∧𝜏)𝑣 𝑡, 𝑆 𝑡 ∧ 𝜏 ≥ ෨𝐸[𝑒−𝑟 𝑇∧𝜏 𝑣 𝑇 ∧ 𝜏, 𝑆 𝑇 ∧ 𝜏 )|𝐹(𝑡 ]

For 𝜏 ∈ 𝒯𝑡,𝑇we have 𝑡 ∧ 𝜏 = 𝑡, whereas T ∧ 𝜏 = 𝜏 if 𝜏 < ∞ and T ∧ 𝜏 = T if 𝜏 = ∞. 

Therefore, for 𝜏 ∈ 𝒯𝑡,𝑇,

𝑒−𝑟𝑡𝑣 𝑡, 𝑆 𝑡 ≥ ෨𝐸[𝑒−𝑟𝜏𝑣 𝜏, 𝑆 𝜏 𝕀 𝜏<∞ + 𝑒−𝑟 𝑇 𝑣 𝑇, 𝑆 𝑇 𝕀 𝜏=∞ |𝐹 𝑡 ]

≥ ෨𝐸[𝑒−𝑟𝜏𝑣 𝜏, 𝑆 𝜏 |𝐹 𝑡 ] (8.4.12)

where, as usual, we interpret 𝑒−𝑟𝜏𝑣 𝜏, 𝑆 𝜏 = 0 if 𝜏 = ∞. 

Inequality (8.4.2) and the fact that 𝑣 𝑡, 𝑆 𝑡 ≥ 𝐾 − 𝑆 𝑡
+
≥ 𝐾 − 𝑆(𝑡) imply that

෨𝐸 𝑒−𝑟𝜏𝑣 𝜏, 𝑆 𝜏 𝐹 𝑡 ≥ ෨𝐸[𝑒−𝑟𝜏 𝐾 − 𝑆(𝜏) |𝐹 𝑡 ] (8.4.13)



Putting (8.4.12) and (8.4.13) together, we conclude that

𝑒−𝑟𝑡𝑣 𝑡, 𝑆 𝑡 ≥ ෨𝐸[𝑒−𝑟𝜏 𝐾 − 𝑆(𝜏) |𝐹 𝑡 ] (8.4.14)

Because S(t) is a Markov process, the right-hand side of (8.4.14) is a function of t and S(t). 

In particular, if we denote the value of S(t) by x, we may rewrite (8.4.14) as 

𝑒−𝑟𝑡𝑣 𝑡, 𝑥 = ෨𝐸[𝑒−𝑟𝜏 𝐾 − 𝑆 𝜏 |𝑆 𝑡 = 𝑥] (8.4.15)

Since (8.4.15) holds for any 𝜏 ∈ 𝒯𝑡,𝑇, we conclude that 

𝑣 𝑡, 𝑥 ≥ max
𝜏∈𝒯𝑡,𝑇

෨𝐸[𝑒−𝑟(𝜏−𝑡) 𝐾 − 𝑆 𝜏 |𝑆 𝑡 = 𝑥] (8.4.16)

For the reverse inequality, we recall from Theorem 8.4.2 that the stopped process 

𝑒−𝑟(𝑢∧𝜏∗)𝑣 𝑢, 𝑆 𝑢 ∧ 𝜏∗ is a martingale, where 𝜏∗ defined by (8.4.10) is such that 

𝑣 𝜏∗, 𝑆 𝜏∗ = 𝐾 − 𝑆 𝜏∗ if 𝜏∗ < ∞ . Replacing 𝜏 by 𝜏∗ in (8.4.12), we make the first 

inequality into an equality. If 𝜏∗ = ∞ , we have (𝑇, 𝑆(𝑇)) ∈ 𝐶 (i.e., 𝑆(𝑇) > 𝐾), so 

𝑣 𝑇, 𝑆 𝑇 𝕀 𝜏∗=∞ = 0. This makes the second inequality 

in (8.4.12) into an equality. Finally, because 𝑣(𝜏∗, 𝑆(𝜏∗)) = 𝐾 − 𝑆(𝜏∗) on 𝕀 𝜏∗<∞

the inequality in (8.4.13) is an equality, and hence (8.4.15) becomes 

𝑣 𝑡, 𝑥 = ෨𝐸[𝑒−𝑟(𝜏∗−𝑡) 𝐾 − 𝑆 𝜏∗ |𝑆 𝑡 = 𝑥] (8.4.17)

Equation (8.4.17) shows that equality must hold in (8.4.16), and this is (8.4.1)


