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Section 5.6.2 Futures Contracts

Consider a time interval [0, T],which we divide into subintervals using the

partitionpoints 0 = t, < t; < t, < -+ < t,, = T.We shall refer to each
subinterval [t, t;+1) as a “day.”

Suppose the interest rate iIs constant within each day. Then the discount process is
given by D(0) = 1 and, for k=0,1,...,n—1,

tk+1 k
D(ter) =exp{~ [ R(w)du} =exp{ = 3" R(t;)(t501 ~ 1)}
1=0
which iIs F (t;)-measurable. ’

According to the risk-neutral pricing formula (5.6.1), the zero-coupon bond paying
1 at maturity T has time-t;, price

B(ty,T) =

1
D(ty)

E[D(T) | F(tx)]-



An asset whose price at time t iIs S(t) has time- t;, forward price
S(ty)
B(ty, T)
Suppose we take a long position in the forward contract at time t,, (i.c., agree to

receive S(T) and pay Fory(tg, T) at time T). The value of this position at time
t: =t 1S
] = Yk

For (t,,T) =

V(t;, T)D(t;) = E|V(T, T)D(T)|F(¢t; )|

V(t;,T) = E[D(T)(S(T) — S() ) [F (¢ )]
7’ B D(tj) B(ty,T) J
_ 1 E[D(T)S(T) | F(t;))] — Ste) E[D(T) | F(¢t))]
D(¢;) J B(t., T) D(t;) /

B(¢;,T)
B(tkr T)

= S5(tj) — S(ty) -



Suppose we take a long position in the forward contract at time t;, (i.e., agree to
receive S(T) and pay Fory(t,, T) at time T). The value of this position at time

t] = tk 1S

B(t;T
V(t;,T) = 5(;) = S(t) - )
e—r(T—tj)

V(t,T)=5(t)— St - g vy B S(t;) = S(ty) - e (tjtk)

B(t,T) = e "(T-0)

If the growth rate of S is greater than r
=>»positive value for buyer, negative value for seller

=»one of the parties to the forward contract could become concerned about
default by the other party (default risk)

=>» futures contracts can reduce default risk by margin system



If an agent holds a long futures position between times t; and t; ., , then at time
tr+1 hereceives a payment Fut,(ty,.1,T) — Futs(ty, T).

The sum of payments received by an agent who purchases a futures contract at
time zero and holds it until delivery date T Is

(Futg(ty, T) — Futg(to, T)) + (Futg(ty, T) — Futs(ty, T)) + -+ - +
(Futs(t,, T) — Futs(tn_1,T))

= Fut,(T,T) — Fut,(ty, T), Fut,(T,T) = S(T)

= S(T) — Futy(ty, T).

zero value on entry:

Doy ELD (ewa M(Futs(tiss, T) — Fut (6, T)) | F(t) |

D(ty.1) -
_ lgiik;) (E[Fut,(tess, T)IF(t)] — Futy(te, T)] = 0

> Fut.(t,, T) = E[Fut,(t,., T)|F(t;)] 2martingale
(Futg(ty, T) = E[S(T)IF (tx)])




Proof: The value at time t;, of future cash flow equalsto 0,j > k + 1

(If Fut, IS martingale)
1 T
1D(tk) E|D(tj41 ) (Futs(tj+1 ,T) — Fut(t; T)) | F(tk)]
IL | E[D(tj41 ) (Futs(t41,T) — Futs(t;, 7)) IF()1 | F(t) |

= E[D(tj+1 JE[Futs(tir1, T)IF(t;)] — Futs(t;,T)] | F(t) | =0
D ()

=>the present value of cash flow in any future time period will be 0

Theorem 5.6.5
The futures price is a martingale under the risk-neutral measure P ; it satisfies

Fut,(T,T) = S(T) and the value of a long (or a short) futures position to be held
over an interval of time is always zero.



If the filtration, F(t),0<t<T, is generated by a Brownian motion W(t),0<t<T, then

Corollary 5.3.2 of the Martingale Representation Theorem implies that
t

Fut (t,T) = Fut,(0,T) + f ['(w) dW(w), 0<t<T
0
for some adapted integrand process I' (i.e., dFut,(t,T) = [(t)dW(¢t)).

Let 0 <ty < t; < T ,holds A(t) futures contracts at times t between t, and t;.
Investing and/or borrowing at the interest rate R(t) prevailing at the time of the
Investing or borrowing.
Profit X(t) from these trading satisfies

dX(t) = A()dFut,(t,T) + R®)X(t)dt = A[)T()dW(t) + R(t)X(t)dt
and thus d(D(£)X(t)) = D()A)T(&)dW(¢t).

d(D()X()) = dD(£)X(t) + D(£)dX(t) + dD(£)dX(t)
= —R(@®)D(t)dt x X(t) + D(t)dX(t) + dD(t)dX(t)



Assume that at time t, the profit is X (t,) = 0.At time t; the agent’s profit
X (t;) will satisfy D (t;)X(t;) = ft’;l D (W) Aw) (W) dW(w).(5.6.7)
Because It0 integrals are martingales, we have

E[D(t)X(t) | F(to) ]

= F [fotl D(w)AW)T(w)dW(u) — foto D (w)A)F(w)dW(w) | F(to)]

= E[J,* DA dWw) | F(te)] - f,° D)AW)T(w)dW(w) = 0.(5.6.8)
According to the risk-neutral pricing formula, the value at time t, of a payment

of X(t;) attime ¢t IS %E[D (t1)X(t1) | F(ty)],and we have just shown that
0

this Is zero.

The value of owning a long position over the interval t, to t; is obtained by
setting A(u)=1 for all u

The value of holding a short position is obtained by setting A(uw)=—1for all u.

In both cases, this value Is zero.



Section 5.6.3 Forward-Futures Spread

Fory(t,T) = (t,)) r constant=>B(t, T) = e "(T=1) For,(t,T) = e"T-O5(¢)
D(t)D(T

Futy(6,T) = E[S(DIF (O] = 2 52D EIS(DIF ()]

_Db® ., 1 ™™ r(T-t)

= 22 X =S E[S(MD(NIF(D)] = 27 5(0) = e T-05(0)

= For,(t,T) = Fut,(t,T)
r is not constant=>B(t,T) =

D(tg)
s() S(0) 5(0)
Forg(t,T) = B(t, )’ , Fors(0,T) = B(0,T) - E[D(T)]

Fut,(t,T) = E[S(T)|F(t)], Fut,(0,T) = E[S(T)] $(0) x 1 = S(0)D(0) = E[S(T)D(T)]

1

| =

E[D(T) | F(t;)],B(0,T) =

E[D(T)]

1

Forg — Fut, = =2 — E[S(T)] = 5= [S(0) — E[S(D]E[D(T)]]
cov(S(T),D(T))

B(0,T)

E
1
[

= o |E[S(D(D)] - E[S(DE[D(T)]] =




Section 6.2 Stochastic Differential Equations

A stochastic differential equation is an equation of the form:
dX(u) = p(u, X(u))du + y(u, X(u)) diw(u) (6.2.1)

Here B (u, x) and y (u, x) are given functions, called the drift and diffusion,
respectively. In addition to this equation, an initial condition of the form:
X() = x, wheret>0andx € R, is specified.

The problem 1s then to find a stochastic process X(T), defined for T > t, such that:
T T

X(T) = X(O) + [} B, X(w) du+ [/ y(u,X(w) dW(u)  (623)

The solution X(T) at time T will be F(T)-measurable



Example 6.2.1 (Geometric Brownian motion).

The stochastic differential equation for geometric Brownian motion is
dS(u) =aS(u)du + oS(u) di(u)

In the notation of (6.2.1),5(u,x) = ax and y(u, x) = ox.

We know the formula for the solution to this stochastic differential equation when
the initial time Is zero and the initial position is S(0), namely

5(6) = 5(0)el“27)H WO for Top, () = §(0)el @z 77 )THIWD

Dividing S(T)by S(t), “;((f = exp{o(W(T) — W(®)) + (a — 5 62)(T — t)}

If the initial condition is given at time t and S(t)=x, then last equatlon becomes
S(T) = x X exp{a(W(T) — W()) + (a — 6%)(T — £)}.

=>when we use the Initial condition S(t)=x
S(T) depends only on the path of the Brownian motion between times t and T.



Example 6.2.2 (Hull-White interest rate model).
Consider the stochastic differential equation
dR(u) = (a(w) — b(WR(W))du + o(uw) dW (u)
where a(u),b(u)and a(u) are nonrandom positive functions of the time variable u

and W (w) is a Brownian motion under a risk-neutral measure P.
In this case, we use the dummy variable r rather than x, and

f(u,r) =a(u) —buwr,y(u,r) =a(u).

Let us take the initial condition R(t)=r.
We can solve the stochastic differential equation by first using the stochastic
differential equation to compute

d (el PR ) = e PO (h(w)R@Wdu + dR(w))
= elo PMW G du + o () dW (1))



Integrating both sides from t to T and using the initial condition R(t)=r, we obtain
the formula

ef:b(v)dvR(T)
T u T u

= reftfb(”)d” + f elo Y@ oy du + f elo YWV 501y d1F (u)
t t

which we can solve for R(T):
T T T ~
R(T) = re”Je b@dv 4 ftT e~ bu PO 5y du + ftT e~ Ju POV Gy aW (w).

This 1s an explicit formula for the solution R(T). The right-hand side of the final
eguation does not involve the interest rate process R(u) apart from the initial
condition R(t)=r; it contains only this initial condition, an integral with respect to
time, and an 1t0 integral of given functions. Note also that the Brownian motion
between times t and T only enters this formula.



Recall from Theorem 4.4.9 that the It0 integral
T _ fTb(v)dv Y - — fTb(v)dv "
J, e o (u) dW (u) of the nonrandom integrand e~ '« a(u) is

T
normally distributed with mean zero and variance | tT e 2 by PV 5200y gy

The other terms appearing in the formula above for R(T) are nonrandom.
Therefore, under the risk-neutral measure P, R(T) is normally distributed with

T T
mean: re”Je PMav 4 ftT e” b Y@ g (1) du

T
variance: ftT e 2y POV 5211y gy
In particular, there is a positive probability that R(T) Is negative. This is one of
the principal objections to the Hull-White model.

Theorem 4.4.9 (It integral of a deterministic integrand). Let W(s),
s 2 0, be a Brownian motion, and let A(s) be a nonrandom function of time.

Define I(t) = f'; A(s)dW (s). For each t > 0, the random variable I(t) is
normally distributed with ezpected value zero and variance f‘; A?%(s) ds.




