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Section 4.4.2 Formula for Ito Process



Ito Processes-Definition
Definition 4.4.3. Let 𝑊 𝑡 , 𝑡 ≥ 0, be a Brownian motion, and let 

𝐹 𝑡 , 𝑡 ≥ 0, be an associated filtration. An Ito process is a stochastic 

process of the form

𝑋 𝑡 = 𝑋 0 + 0׬
𝑡
∆ 𝑢 𝑑𝑊(𝑢) + 0׬

𝑡
𝜃 𝑢 𝑑𝑢 (4.4.16)

where 𝑋 0 is nonrandom and ∆ 𝑢 and 𝜃 𝑢 are adapted stochastic 

processes

𝑑𝑋 𝑡 = ∆ 𝑡 𝑑𝑊(𝑡) + 𝜃 𝑡 𝑑𝑡



Ito Processes- quadratic variation 
Lemma 4.4.4 The quadratic variation of the Ito process is

𝑋, 𝑋 𝑡 = 0׬
𝑡
∆2 𝑢 𝑑𝑢 (4.4.17)

Proof:

Notation I t = 0׬
𝑡
∆ 𝑢 𝑑𝑊(𝑢) , 𝑅 𝑡 = 0׬

𝑡
𝜃 𝑢 𝑑𝑢

𝑋 𝑡 = 𝑋 0 + 0׬
𝑡
∆ 𝑢 𝑑𝑊(𝑢) + 0׬

𝑡
𝜃 𝑢 𝑑𝑢 (4.4.16)

➔𝑋 𝑡 − 𝑋 0 = I t + 𝑅 𝑡
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𝑋 𝑡𝑗+1 − 𝑋 𝑡𝑗
2

= ෍

𝑗=0

𝑛−1

𝐼 𝑡𝑗+1 − 𝐼 𝑡𝑗
2
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2
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𝑗=0

𝑛−1

𝐼 𝑡𝑗+1 − 𝐼 𝑡𝑗 𝑅 𝑡𝑗+1 − 𝑅 𝑡𝑗
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Ito Processes- quadratic variation 

෍

𝑗=0

𝑛−1

𝐼 𝑡𝑗+1 − 𝐼 𝑡𝑗
2

Recall Theorem 4.3.1(vi)



Ito Processes- quadratic variation 

෍

𝑗=0

𝑛−1

𝑅 𝑡𝑗+1 − 𝑅 𝑡𝑗
2

0

𝑎𝑠ԡ ԡ𝜋 → 0 (𝑅 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠)



Ito Processes- quadratic variation 

2෍

𝑗=0

𝑛−1

𝐼 𝑡𝑗+1 − 𝐼 𝑡𝑗 𝑅 𝑡𝑗+1 − 𝑅 𝑡𝑗

0

𝑎𝑠 ԡ ԡ𝜋 → 0 (𝐼 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠)

➔ 𝑋, 𝑋 𝑡 = 0׬
𝑡
∆2 𝑢 𝑑𝑢 (4.4.17)

𝑑𝑋 𝑡 = ∆ 𝑡 𝑑𝑊 𝑡 + 𝜃 𝑡 𝑑𝑡
𝑑𝑋 𝑡 𝑑𝑋 𝑡
= ∆2 𝑡 𝑑𝑊 𝑡 𝑑𝑊 𝑡 + 2∆ 𝑡 𝑑𝑊 𝑡 𝜃 𝑡 𝑑𝑡 + 𝜃2 𝑡 𝑑𝑡𝑑𝑡



Formula for Ito Process
Definition 4.4.5. Let X 𝑡 , 𝑡 ≥ 0, be an Ito process as described in 

Definition 4.4.3, and let Γ 𝑡 , 𝑡 ≥ 0, be an adapted process. We 

define the integral with respect to an Ito process

0׬
𝑡
Γ 𝑢 𝑑𝑋(𝑢) = 0׬

𝑡
Γ 𝑢 Δ(𝑢)𝑑𝑊(𝑢) + 0׬

𝑡
Γ(𝑢)𝜃 𝑢 𝑑𝑢 (4.4.20)

Recall the proof of  Theorem 4.4.1



Formula for Ito Process



Formula for Ito Process

0

𝑎𝑠 ԡ ԡ𝜋 → 0



Recall
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Section 4.4.3
Let 𝑊 𝑡 , 𝑡 ≥ 0, be a Brownian motion, let 𝐹 𝑡 , 𝑡 ≥ 0, be an 

associated filtration, and let 𝛼(𝑡) and 𝜎 𝑡 be adapted processes. 

Define the Ito process



Section 4.4.3



Section 4.4.3

𝛼 = 0

integration

martingale



Section 4.4.3
Theorem 4.4.9 (Ito integral of a deterministic integrand)

Let 𝑊 𝑠 , 𝑠 ≥ 0, be a Brownian motion, and let Δ(s) be a nonrandom 

function of time. Define I t = 0׬
𝑡
∆ 𝑠 𝑑𝑊 𝑠 . For each 𝑡 ≥ 0, the 

random variable I t is normally distributed with expected value zero 

and variance 0׬
𝑡
∆2 𝑠 𝑑𝑠.

Proof

I t is martingale and I(0)=0➔mean=0

by Theorem 4.3.1 (Ito’s isometry)   



Section 4.4.3
Normal distribution

Martingale, it is a generalized geometric Brownian motion with 

mean rate of return 𝛼 = 0 , 𝜎 𝑠 = 𝑢∆(𝑠)
𝑡 = 0 ,value= 1


