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Section 4.4.2 Formula for Ito Process

Theorem 4.4.6 (It6-Doeblin formula for an It6 process). Let X(t),
t > 0, be an Ité process as described in Definition 4.4.3, and let f(t,x) be a
function for which the partial derivatives fi(t,x), fz(t,x), and fzz(t,x) are
defined and continuous. Then, for every T > 0,

f(T,X(T))
T T
=10.XO) + [ £ X@)dt+ [ fo(t, X)X
0 0

1 T
T

T
=f(D,X(D))+/D ft(t,X(t))dt+/n fz(t, X (2)) A(t) dW (t)

TxelexaEd 4.4.22
+/ﬂ f=(t, X (t))6(t) Hi/u fez (8, X (1)) A%(t)dt.  (4.4.22)

df (t, X(t)) = fe(t, X (t)) dt + f=(t, X (t)) dX (t) + %f:, (t, X(t)) dX(t) dX(t).
(4.4.23)



lto Processes-Definition

Definition 4.4.3. Let W (t),t = 0, be a Brownian motion, and let
F(t),t = 0, be an associated filtration. An Ito process is a stochastic

process of the form
X() = X(0) + [; A@dW (w) + [, 6(wdu (4.4.16)

where X (0) is nonrandom and A(u) and 8(u) are adapted stochastic
Processes

dX(t) = A(t)dW (t) + 6(t)dt



Ito Processes- quadratic variation
Lemma 4.4.4 The quadratic variation of the Ito process is
X, X1(6) = [, A?(w)du (4.4.17)

Proof:
Notation I(t) = |
X(t) =X(0)+

@AW (W), R(©) = [} 6w du
AW () + [ 0(w)du (4.4.16)

-)X(t) — X(0) =1(t) + R(t)
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Ito Processes- quadratic variation

ZH 121) = 1(6)]°

Recall Theorem 4.3.1(vi)

Theorem 4.3.1. Let T' be a positive constant and let A(t), 0<t < T, be an

adapted stochastic process that satisfies (4.3.1). Then I(t) = f,; Alu) dW (u)

defined by (4.3.3) has the following properties.

(i) (Continuity) As a function of the upper limit of integration t, the paths

of I(t) are continuous.

(ii) (Adaptivity) For each t, I(t) is F(t)-measurable.

() (Linearity) If I(t) = [) A(u)dW (u) and J(t) = [ ['(u) dW (u), then
I(t) £ J(t) = f'; (A(u) £ I'(u)) dW (u); furthermore, for every constant c,
cI(t) = f; cA(u) dW(u).

(i) (Martingale) I(t) is a martingale.

(v) (Itd isometry) EI%(t) = E [; A%(u) du.

(vi) (Quadratic variation) (I, 1](t) = [, A%(u) du.




Ito Processes- quadratic variation

> 1R (5 - R

max |R(tk+1) — R(tk)| - i |R(tj+1) — R(t;)]

0<k<n-1 _
<k< =
n-l ti+1
= oJnax | |R(tk+1) — R(te)| - ; . 6(u) du
noloetin
< o [Rlte) - Ren)l- 32 [ 0wl du
07",
= o, Rt <Rie)| - [ 16w du

as|||| = 0 (R is continuous)



Ito Processes- quadratic variation
2 ) [1(502) = 1(6)]IR(52) = R(5)

n—1
2,dpe, M(ew) = T(@)] - 3 If(t)(fm - R(t))|

4
<2 Joax [T (s = I(ts )] /ﬂ 1€(u)| du,

as |||l = 0 (I is continuous)
>[X, X](t) = [ A*(w)du (4.4.17)
dX(t) = A(t)dW (t) + 6(t)dt
dX(t)dX(t)
= A?()dW (t)dW (t) + 2A(t)dW (£)8(t)dt + 87 (t)dtdt



Formula for 1to Process

Definition 4.4.5. Let X(t),t = 0, be an Ito process as described in
Definition 4.4.3, and let I'(¢t), t = 0, be an adapted process. We
define the integral with respect to an Ito process

fot Mw)dX(u) = fot F'(w)Aw)dwW (u) + fot ['(w)0(w)du (4.4.20)
Recall the proof of Theorem 4.4.1

Theorem 4.4.1 (It6-Doeblin formula for Brownian motion). Let
f(t,xz) be a function for which the partial derivatives fi(t,z), f:(t,x), and
fzz(t,z) are defined and continuous, and let W(t) be a Brownian motion.
Then, for every T > 0,

T
FEWD) = 10WO) + [ f(t W) d

T 1 T
+ fﬁ f=(t, W(¢)) dW(t) + 3 ]D fez(t, W(2)) dt. (4.4.3)



Formula for 1to Process

f(T,W(T)) - £(0,W(0))
= Z [f(t541, W(tira)) — f(t5, W(t;))]
=0

= i fe(ti, W(t5)) (ti+1 — ) + i f2 (5, W(t5)) (W (1) — W(t;))
j=0 =0

+% i frz (tj, W(t_,—}) (W(tj+1} - Wi(t; })2
=0

+ D fa (85, W(t5)) (b1 — 1) (W (t541) — W(25))
=0
-|—% “i fie (tj, W(tj))(tH] — tj)z + higher-order terms. (4.4.9)

=0



Formula for 1to Process

f(T, X(T}) £(0,X(0))

n—1

-Eh (t5, X (t;)) tj+1-tJ)+EL-.(tJ X(t)) (X(tj41) — X (t5))
+= Zf:n:nt X( ))(x(tj+1}_x(tj})2

+th:n(f3 X(t5) )(fJH }(X(ti+1) - X(fi))

=0
-1

+§ Z fee(tj, X(t;)) (tj+1 — t5)° + higher-order terms. (4.4.21) 0

J=0

as |||l = 0



Recall

lim z_:ftx(tjsw(tj))(tj+l = t;) (W (tj41) — W(ty))
10 | &=
{Ilnll ﬂzlf‘-‘(tﬁw(t ))I (i1 —t5) - |W(t +1) = W(t3)|

-1
< lim max I“'r(tk-f-]) Z |ftz t;, W(t; ))l(t;r+1 J')
=0

~ 1| +D0<k<n-1 IIHII
T
=0- f | fiz (8, W(t)) dt = 0. (4.4.10)
0
The fifth term is treated similarly:
1n—1
' - - Wt o — 1)
||1¥||nlm 2 ; fit (t;.n (tj))(tj-l‘-l t;.l)
1 n—1
< i _ - WIEN . (F. . — .12
< Jm o ;If“(i” )] (tia1 = ;)
1 n—1
< 2 l||—:u0{lllc1ﬁ ](tk+1 — tg) - IIJ%’IIIHEFUJ.Z::G | fee (5, W (25)) | (41 — t5)
1 T
=3 -U+/ f::(t,W(t))dt = 0. (4.4.11)
0

The higher-order terms likewise contribute zero to the final answer. O



Formula for 1to Process

f(T,X(T)) - £(0,X(0))

n—1 n—1

= Eft(tj, X(tj))(qu.l - t_j) + Zf:: (tj': X(t_;l)) (X(tj+1) B X(t.?))

3=U 3=0

+% i fos (t;, X () (X (ti41) — X(25))°

1=0

T

T T
/ f:r(fu]f(t))dX{ﬂ:f fz(t,X(t))ﬂ(t)dW(t)+/ f=(t, X (t))O(t) dt.
0 0 0

T T
%fn fez (8, X (1)) d[X, X](t) = %/ﬂ fez (t, X (£)) A2(t) dt



Formula for 1to Process

f(T,X(T)) - £(0,X(0))

n=1 n—1
= Eft(tj, X(tj))(qu.l —t;) + Zf:: (t_‘,l.': X(tj)) (X(tj+1) - X(tj))
3= 1=0
ni—1
+% Y faa (b X () (X (8541) — X(t:))z
§=0
f(T, X(T))

T

T
=;(n,x(o))+/ ft(t,X(t])dt+/ f=(t, X (t)) dX(t)
0 0
1 T
+3 f fz=(t, X (2)) d[X, X](2)
0 . T
=10.XO) + [ £t XO)de+ [ a6 X®) AW aw(
0 0

' X (£))6(t) dt + ~ ' X (t))A%(t)d 4.4.22
+‘/ﬂ f.t(t, (t]) {t-] t+§fu j:l::l:(t, {t}) (t] £ ( 4. J



Section 4.4.3

Let W(t),t = 0, be a Brownian motion, let F(t),t > 0, be an
associated filtration, and let a(t) and o (t) be adapted processes.
Define the Ito process

t

X(t) Zf; o(s) dW(s) +'£ ({1{3] - %JE(E])dS. (4.4.25)

Consider an asset price process given by

S(t) = S(0)e*t) = §(0) exp{/tcr{s) dW(s) + /t (ur{s) — lf{s))ds}i
0 0

2
(4.4.26)
where S(0) is nonrandom and positive. We may write S(t) = f(X(t)), where

f(z) = S(0)e*, f'(z) = S(0)e*, and f"(xz) = S(0)e®. According to the Ito-
Doeblin formula



Section 4.4.3

dS(t) = df (X(t))
= F/(X(0) dX(0) + 5 "(X(£)) dX (£) dX (1)

= S(0)eX® dX(t) + %S(D)ex“} dX(t)dX(t)

= S(t)dX(t) + %sm dX (t) dX (2)
— a(t)S(t)dt + o(t)S(t) AW (2). (.4.27)

Y

dX(t) = o(t) dW(t) + (alt) - 302(t)) dt,

dX (t)dX (t) = o(t) dW(t) dW (t) = o*(t) dt.




Section 4.4.3
a=20 dS(t) = o(t)S(t) dW(t).

Integration  S(t) = S(0) + /.;, t a(s)S(s) dW(s).

martingale S(t:r=5m)exp{ j; o(s)aw(s) - 3 [ aﬂ{s)ds} (44.29)
0



Section 4.4.3

Theorem 4.4.9 (Ito integral of a deterministic integrand)
Let W(s),s = 0, be a Brownian motion, and let A(s) be a nonrandom

function of time. Define I(t) = fOtA(s)dW(s). Foreach t = 0, the
random variable I(t) is normally distributed with expected value zero
and variance fot A?(s)ds.

Proof
[(t) is martingale and 1(0)=0=»mean=0

£
Varl(t) = EI’(t) = fu A*(s)ds. by Theorem 4.3.1 (Ito’s isometry)



Section 4.4.3

Normal distribution

t
Ee*' ) = exp {%u_z/ A?(s) ds} for all u € R. (4.4.30)
0

t
Eexp {uI{t] — %uﬂf A?(s) d.s} =1,
0

Eexp {f;u.ﬂ(s]mﬂs) - %f: (uﬂ(s})zds} =1. (4.4.31)

Martingale, it Is a generalized geometric Brownian motion with
mean rate of return a = 0, o(s) = uA(s)
t =0 ,value=1



