Graph Neural Network

Graph + Neural Network



Graph

Node - Nodes: contain data

- Edges: specify structure (how data are related)
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Neural Network
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GNN Convolution Categories

Spatial-based convolutional GNN

- generalize the concept of convolution

Spectral-based convolutional GNN

- from signal processing
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Spatial-based Convolutional Graph Neural Network

Aggregation
- use neighbor feature to update hidden feature in next layer
Readout

- summarizes all the nodes feature to represent the whole graph
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DCNN (Diffusion-Convolution Neural Network)

I\

h} = w3} MEAN(d(3,") = 2)

BN
h? h9

=wIMEAN(d(3,-) = 1)

h
H —PX
vlg\
X1 v2 Vg
X2 X4
01010 900 0 0 0 1/2 0 1/2 0 B
1010 0 02 00 0 12 0 1/2 0 0 B
A=|(0 1 0 1 0| p=|00 2 0 o|P=D'A=|0 1/2 0 1/2 o0 X=|n
101 01 000 3 0O /3 0 1/3 0 1/3 hY
00010 000 0 1 0o 0 0 1 0 h

foo
fio
fa0
f30
fao

for
f
fa
fa
fa

foz
fr2
fo2
[
fa

fo3
fis
fa3
f33
fa3

foa
fia
faa
fas
faa



DCNN (Diffusion-Convolution Neural Network)

Node classification
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Spectral-based Convolutional Graph Neural Network
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Discrete Fourier Transform
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Spectral Graph Theory

v’ Graph: G = (V,E), N = |V|

v A € RV*N adjacency matrix (weight matrix).
Ai,j =0 lf ei,j & E, else Ai,j = W(l,])

v" We only consider undirected graph
v' D € RV*N | degree matrix
B di) ifi=j (SumofrowiinA)
o ifi#£



Spectral Graph Theory

v Graph Laplacian L = D — A (Positive semidefinite)
v L is symmetric (for undirected graph)

v' L = UAUT (spectral decomposition)

v’ A =diag(4y, ..., Ay_1) € RN*N

v U = [ug, .., uy—1] € RM*N orthonormal

Uy Uy Up; Ug

L = U A



Spectral Graph Theory
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Spectral Graph Theory B, B DEh| o
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Spectral Graph Theory

v’ Inverse Graph Fourier Transform of signal Xx:x=Ux
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Spectral Graph Theory

Filtering
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Spectral Graph Theory
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Recurrent Graph Neural Networks (RecGNNSs)

* A node exchanges information with its neighbors

h(t) Z fW (xv) x(v u)’ Xw» h(t_l))

UEN (v)
Node features Node inputs Node features



Gated Graph Recurrent Neural Networks

hY = GRU (h“ D, Z Whg_l)>
UEN (V)

h,go) = X, is node input



Auto-Encoders in Graph

Traditional Auto-Encoders

A

X —> Encoder ——> Z —> Decoder — X

Embedding

L(X,X) =X - X|?



Advantage of using auto-encoder

- save storage and computer resources
- noise

add random noise
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Variational auto-encoder

- can generate new data
- embed to a distribution rather than a point
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Variational auto-encoder

X —>Enooder:: g; :j Z — > Decoder—> X
9 (2|2i) po (2i]2)

[i(0,9) = z~q¢(2|:v )[logpe (zi|2)] + KL(Q¢(Z|xz)||p( )



Loss function

p(X, Z;0) = p(X; 0)p(Z|X; 0)
=logp(X, Z; 0) = log p(X; 6) + log p(Z| X; 6)
=log p(X;0) = logp(X, Z;0) — log p(Z| X; 6)
=-introduce an arbitrary distribution ¢(Z) on both sizeds and integrate over Z

/ 4(2) log p(X; 6)dZ = / 4(2) logp(X, Z;0)dZ — / 4(2) log p(Z|X; 0)dZ
(/q(Z) logp(X, Z;6)dZ — /q(Z) logq(Z)dZ>

( )log q(Z —/Q(Z)logp(ZlX; H)dZ)
— L(X,q,0) + KL(q(Z)||p(Z| X; 0))



Loss function

note that the first term doesn’t change,
/q(Z) log p(X;0)dZ = log p(X; 6) /q(Z)dZ = log p(X;0) - p(X;0) is irrelevant to Z
=logp(X;0) = L(X, q,0) + KL(q(Z)||p(Z] X 0)),
r L(X,q,0) = /q(Z) log p(X, Z;0)dZ — /q(Z) logq(Z)dZ
= Ez qz)llogp(X, Z;0)dZ] — Ez. gz logq(Z)
= Ez. 4z logp(X|Z;0) + Ez. gz logp(Z;0) — Ez.qz) logq(Z) < (1.)

KL@(2)p(21%:0)) = [ a(2)1og— 220

where ¢

dz

\



Loss function

note that KL divergence is non-negative, hence logp(X;60) > L(X,q,#0),
we can increase log p(X;0) by increasing L(X, g, 6)
S L(X,q,6) = logp(X; 0) — KL(¢(2)|[p(Z|X;0))
=note that the equality holds for ant choice of ¢(Z),
we can introduce a distributiong(Z|X;0")
modeled by another neural network with parameter 6’ to obtain,
L(X,q,0) =logp(X;0) — KL(q(Z|X;0')||p(Z| X; 0))
= Ezqz)x9) 10gp(X|Z;0) + Ez g z1x:0) 108 D(Z) — Ezqz1x;0) log ¢(Z] X;60") - (1.)
= Ez qz1x0)logp(X|Z;0) — KL(q(ZX;0")||p(2))



Variational Graph Auto-Encoder
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L = Eyzx,mllogp(A|2)] — KLg(Z|X, A)|Ip(Z)



Variational Graph Auto-Encoder
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