Multiscale Stochastic Volatility,For Equity Interset rate and Credit Derivatives

CHAPTER 2.
Introduction to Stochastic Volatility Model
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1. I DAGEER R BIRER1E & A B-SAYRR £X
Cps(t,x;K,T;I) = C°. (2.1)
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2. BIEINHE—TEEH N7

C°% > Cps(t,x,K,T;0)

because of the monotonicity of the Black—Scholes formula in the
volatility parameter:

dCps xe_d%/z\/T—t >0

PP T (2.2)
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. BEREESENESEFE=Z —fx (put-call parity)
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I IPss/IK
0K =  OPss/dc
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Time Dependent Level Dependent non-Parametric

[RIgEE ~ ZETT)

» B-STEERERAVERERE

. BRARERBI R AR AT REEE) © dX, = pXidt + O X,aW,,
( /AR L= 1
RERAEEBEESE X=X (0 ;07r+0W)

s BIERE 5 o RN E
-Local Volatility Model (deterministic)
-Stochastic Volatility Model (Stochastic)
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Time Dependent Level Dependent non-Parametric

Local Volatility Model

+ (BB PsigmaB IS ERS B2 A0 R B A1 EY
dX; = uX;dt + o(t,X;) X:dw,

- Time Dependent  o(t,x) = o(t),
- Level Dependent o (t,x) = kx™ 7,

- Non-Parametric ( Dupire’s Formula ) AFEE% A EF T

|| BGERIE (Local)




Level Dependent non-Parametric

Time Dependent

dX; = uX.dt +o(t,X;) X, dW;, o(t,x)=o0(t),

- BRI RIMD SRS

1 rT

T
X7 = X; exp (r(T —1) — 5/ Gz(s)ds+ft O'(S)dWs*) :

o UMoIRRLEPBIE IR D HAE ?
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Level Dependent non-Parametric

o XtB9 :

log (X7/X,) is A ((r — 162)(T —1),02(T — t))-

where o2 = 1 /T o2 (s)ds.
T—tJ:

¢ ZIEMIB-SANFEEIFIE o 2l

. BUNEBRIESREEEINEE (EXEBOERY) - 1
B BB REE R o FES

(T —D)I(t,T)? = / " 0%(s)ds.

/;b Gz(s) ds = (Tz —I)I(t, T2)2 - (Tl — t)l(t, T1)2.

|| BGERIE (Local)




Time Dependent non-Parametric

Level Dependent

- (BRREE

dX; = uXidt + o (¢, X)) X:dWs, o(t,x) = kx 7,

- AR RERKEESSEMEE

- it [EHAVIREKENE PTIATRAH3<y<4

» SERANE—E > EiRBEF
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Time Dependent Level Dependent

Dupire’'s Formula

1. BEERELREX » EERER AR
C(T,K) =E*{e "7 (Xy K)+|X—x}

—e "I~ ’)/ Tp(t,x;T,E)dE,
2. HKRMD
8C —r(T—t) ~
R TK) = | Lesryp(txT.8)dE,
a2c

S (1K) =T [7 5 —K)p(t,x:T,&)dE
=" p(t,x5,T,K),

(2.5)

(2.6)
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Time Dependent Level Dependent

3. HTRMD

dC
a_T(Ta K)

=T [ p(t,uT,8) 21 (6~ K)* dE
—re T [ —K)*p(t,uT,E)de,

= e [ (e 6T 8) Goz(r,g)&a(g _K) +r51{5>,<}) dc
—re T [~ K)ok ple, 5T, 6) dE,

Kolmogorov Forward Equation (Shreve p.291) :

2
% = 5351 (HT.E)E%) - 55 (8.
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Time Dependent Level Dependent

=50 (T,K)K?*e "I p(t,x;T,K)

+rKe—r(T—t) L 1{5 >K}p(t,x; T, é)dé

— %cﬂ(T,K)Kz%(T,K) —rKg—I(é(T,K),
CEE
3—5 = %02(T,K)K23% - rKg—I(é, T >1, (2.7)
=i
(T, K) = g—g(T,K)+rKg—§(T,K).

1 x2 9%C
isz (Ta K)
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Stochastic Volatility Model

« 1EARER

« IRIEEERELCER

* UMElEME ?

e Market Price of risk #ZEX ~ (K, T,t)5RE

|| B L (Stochastic)
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S A ErER

» 0 BRIz, BERFIERSEE

dX; = u(¥:)X; dt + o:X; aw,?,
O — f(Yt)’ (2.9)
dy, = a(¥,)dt + (%) aw",

« Yt ADriving Factor(Driving Process)
f B—EEE ~ (HIERIRREL

» 0 BRRETZ IV AR B Z BB ZHE 1

|| B L (Stochastic)
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» = R HDriving Process

LN lognormal
dy, = aY,dt + BY,aw',
OU Ornstein—Uhlenbeck
dY, = o(m —Y;)dt + Bdw,"”,
CIR Feller, square-root, or Cox—Ingersoll-Ross

Y, = a(m—Y;)dt + BT dw,.

* OU, CIR Process Bmean revertingfld43F 14 (BRZ2drift term)

|| B L (Stochastic)
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Y EAHR E A EIRYStochastic Volatility Model

Authors Correlation f(y) Y Process
Hull-White p=0 f(y)=+/y  Lognormal
Scott p=0 fy)=¢  OU
Stein—Stein p=0 fy)=1|yl OU
Ball-Roma p=0 fO)=+y CIR
Heston p#0 f)=+y CIR

- BEERAB/EZDMN  REXFNITTFEN

|| B L (Stochastic)
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« BEfREexpOUERIMIRERENRE (LinRE)
EEJJ_N?KEB'SFJF —FHX'TEHJT_'{? zl’_ﬂ%&
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EARRER DRI (I ViEEY, KTt

ANMelE1E 7

» [ClEAM=AYERER

dXt — u(Yt)Xt dt + O X; dVVt(O)7
O — f(Yt)’ (2.9)
dy, = o(Y;) dt + B(¥;) dW\",

» R —EMmEREM DR -

W =pw” +1/1-p2W. (2.10)

o E—(EEERAYself financing¥% 4B ([ faats 48 B i [E fa 1 =)
dl_[t — rl—Itdt,

|| B L (Stochastic) |
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« AMEAMEEMNERR > FAtEARFREEEMRERER - KL
FE R H—EZIE BB KRR 7J[/\ (MimA5TH)

I, = NP (2,X,,Y,) — AX, — 2P (1, X, Y,) (2.11)

« EAAIMEFE Self-Financing

dIl; = N;dPWY (1,X,,Y;) — A dX; — 2:dPP (£,X,,Y,),

EEHP1 P2 {§/Ito’s lemma

|| B L (Stochastic)
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~1
oP2) oP)
= 2.13
(1) (2)
dx dx
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EARRER DRI (I yiEHY, KTt

« NEERREEBEOEER » =402 fd= B P/ A

dl_[t — rl_[t dt
« TAEIEFE
~1 ~1
(1) _— (2) —
oP Zpm — [P £pP?) (2.15)
dy dy

—~ 0

where £ =5 +Zxy)— (L) —r)x

» BRALLEREHAE - FIbEZAZEIERHAIRE

oP\ " oy (PO
—_— ZLP\V = a— ZP — _a(y)'f'ﬁ(}')A(I:x:y)a

|| B L (Stochastic)
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A(t,x,y)=p(u(y)_r)+7(t,x,y) 1—p?, (2.16)
f()
« VAIUEERNRE (BEE=BEEEZERNEREFPIDAE)
v X f8{Emarket price of risk
« EEZRSIMDHE (H2.15 #E 2.17)
—1 —1
(apm) §P(1)=(3p<z>> ol .15
dy dy ’

aP %P 1 82P

xzazp 5
5, T ) +pB(y)xf(y) 323y 2[3 (y)
8P

+r(x§—f—P) (@0) ~BOIAG,) 5 =0, 217

|| B L (Stochastic)
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2 PHETECER

EARRER

\,,Td:h

alif

&Rz AR 1A

« JHIEEER (Shreve) :
(5.2.1)

B(A) = /A Z(w) dP(w) for all A€ F.

GirsanovEIE rIiF R BLESH » (EFREFAVRIE 2 MRAEH

IR E 2 EMartingale
V, =E* e 7T | £}, (2.21)

|| B L (Stochastic)




EARRER yiEEY K, Tt

e Girsanov Theorem (Shreve P.212)
Theorem 5.2.3 (Girsanov, one dimension). Let W(t), 0<t < T, bea
Brownian motion on a probability space (2, F,P), and let F{(1), 0 <t < T,

be a filtration for this Brownian motion. Let ©(t), 0 < t < T, be an adapted
process. Define

Z(t)_—..exp{~~ f () dW (u) - % / tez(u)du}, (5.2.11)
0 0
Wit) = Wit) + / ' O(u) du, (5.2.12)
0
and assume that’ ”
E/ 0% (1) 2% (u) du < oo. (5.2.13)
0

Set Z = Z(T). Then EZ = 1 and under the probability measure P given by
(5.2.1), the process W(t), 0 <t < T, is a Brownian motion.

|| B L (Stochastic)
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s FRABVENSEIEDEE > HZEERItheta

O 0 , [ (1(¥s)—r)
w9 —w d
t o 0 f(Ys)

S.

mL*=WL+AI%dS
o Htheta 18] LAZE 1 FTAIAE,

(7) T
ull — exp (—1 \ ((e§°))2+(esi)2)ds— /0 6.9 aw )

)<1EH

dP 2
! 1 1
[fosans)
9(0) u'(Yt) —r et_L ,},t
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o EMBIIEFAIE PR, M =e"V,EMartingale
Martingale Representation Theorem (Shreve)
o] DU I8

N (1) P (;) Py L
Mt=M0+‘/0‘ ns dWs +/0 nS de 3 (2.22)

o UGB - ATLASHRAE(ER

dV:; = a;dX; —I—b,re”dt -+ CtdO't,

« :RBA T iEEIncomplete Market Model

|| B L (Stochastic)
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‘EE

Market Price of risk 3zEHYX

« gamma (Market price of risk) PILA{EEZEEN » EY0{0JzE=HY ?

« REZREWIAE (p.72 L.5) ZERIRMIGHER » BEERE
R EBERERHE LY

o (MEtERIREIT T DBMLESS 2B METE 55
t e AfER Calibration (BExZEEEE BRI E/)\MSE)

|| B L (Stochastic)
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» WO @EFREER  REKEEFERMSA ?

o B SRR R
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