
3.3 Brownian Motion 

• 𝑊𝑊 𝑛𝑛 𝑡𝑡 = 1
𝑛𝑛
𝑀𝑀𝑛𝑛𝑛𝑛 

 
• When 𝑛𝑛 → ∞ ⇒ Brownian motion  



Def. 3.3.1 

• Let (Ω,ℱ,𝑃𝑃) be a probability space 
• For each 𝜔𝜔 ∈ Ω, there is a cont. function W 𝑡𝑡 , 𝑡𝑡 ≥

0,𝑊𝑊 0 = 0 and that depends on 𝜔𝜔. 
• W 𝑡𝑡 , 𝑡𝑡 ≥ 0, is a Brownian motion if for all 

0 = 𝑡𝑡0 < 𝑡𝑡1 < ⋯ < 𝑡𝑡𝑚𝑚 the increments 
𝑾𝑾 𝒕𝒕𝟏𝟏 = 𝑾𝑾 𝒕𝒕𝟏𝟏 −𝑾𝑾 𝒕𝒕𝟎𝟎 ,𝑾𝑾 𝒕𝒕𝟐𝟐 −𝑾𝑾 𝒕𝒕𝟏𝟏 , … ,𝑾𝑾 𝒕𝒕𝒎𝒎 −𝑾𝑾 𝒕𝒕𝒎𝒎−𝒕𝒕  

   are independent and each of these is normally 
distributed with 

𝑬𝑬 𝑾𝑾 𝒕𝒕𝒊𝒊+𝟏𝟏 −𝑾𝑾 𝒕𝒕𝒊𝒊 = 𝟎𝟎,  
𝑽𝑽𝑽𝑽𝑽𝑽 𝑾𝑾 𝒕𝒕𝒊𝒊+𝟏𝟏 −𝑾𝑾 𝒕𝒕𝒊𝒊 = 𝒕𝒕𝒊𝒊+𝟏𝟏 − 𝒕𝒕𝒊𝒊 



Distribution of Brownian Motion 

• 𝑊𝑊 𝑡𝑡1 , 𝑊𝑊 𝑡𝑡2 , … ,𝑊𝑊 𝑡𝑡𝑚𝑚  are jointly normally 
distributed. 

   1. 𝑬𝑬 𝑾𝑾 𝒕𝒕𝒊𝒊 = 𝟎𝟎 
   2.For 0 ≤ 𝑠𝑠 < 𝑡𝑡, 𝒄𝒄𝒄𝒄𝒄𝒄 𝑾𝑾 𝒔𝒔 ,𝑾𝑾(𝒕𝒕) = 𝒔𝒔. 
 
𝐸𝐸 𝑊𝑊 𝑠𝑠 ,𝑊𝑊(𝑡𝑡) = 𝐸𝐸 𝑊𝑊 𝑠𝑠 𝑊𝑊 𝑡𝑡 −𝑊𝑊 𝑠𝑠 + 𝑊𝑊2 𝑠𝑠  

= 𝐸𝐸 𝑊𝑊 𝑠𝑠 ]𝐸𝐸[ 𝑊𝑊 𝑡𝑡 −𝑊𝑊 𝑠𝑠 ] + 𝐸𝐸[𝑊𝑊2 𝑠𝑠   
= 0 + 𝑉𝑉𝑉𝑉𝑉𝑉 𝑊𝑊 𝑠𝑠 = 𝑠𝑠. 



Covariance Matrix 

• the covariance matrix for Brownian motion 
(i.e., for the m-dimensional random vector 
(W(t1), W(t2), ... , W(tm))) is 
 



Prepare for m.g.f 

• Recall the MGF of 1-dim normal r.v. 𝑋𝑋~𝑁𝑁(0, 𝑡𝑡) 

𝑓𝑓 𝑥𝑥 =
1
2𝜋𝜋

𝑒𝑒
−𝑥𝑥2
2𝑛𝑛 ,𝜑𝜑 𝑢𝑢 = 𝑒𝑒

1
2𝑛𝑛𝑢𝑢

2
 

 
For Brownian motion 
𝑢𝑢𝑚𝑚𝑊𝑊 𝑡𝑡𝑚𝑚 + 𝑢𝑢𝑚𝑚−1𝑊𝑊 𝑡𝑡𝑚𝑚−1 + ⋯+ 𝑢𝑢1𝑊𝑊 𝑡𝑡1  
= 𝑢𝑢𝑚𝑚 𝑊𝑊 𝑡𝑡𝑚𝑚 −𝑊𝑊 𝑡𝑡𝑚𝑚−1 + 𝑢𝑢𝑚𝑚−1 +𝑢𝑢𝑚𝑚 𝑊𝑊 𝑡𝑡𝑚𝑚−1 −𝑊𝑊 𝑡𝑡𝑚𝑚−2  
+⋯+ 𝑢𝑢1 + 𝑢𝑢2 + ⋯+ 𝑢𝑢𝑚𝑚 𝑊𝑊(𝑡𝑡1) 



moment-generating function 
𝜑𝜑 𝑢𝑢1,𝑢𝑢2, … ,𝑢𝑢𝑚𝑚  
= 𝐸𝐸𝑒𝑒𝑥𝑥𝐸𝐸 𝑢𝑢𝑚𝑚𝑊𝑊 𝑡𝑡𝑚𝑚 + 𝑢𝑢𝑚𝑚−1𝑊𝑊 𝑡𝑡𝑚𝑚−1 + ⋯+ 𝑢𝑢1𝑊𝑊 𝑡𝑡1  
= 𝐸𝐸𝑒𝑒𝑥𝑥𝐸𝐸{𝑢𝑢𝑚𝑚 𝑊𝑊 𝑡𝑡𝑚𝑚 −𝑊𝑊 𝑡𝑡𝑚𝑚−1 + 𝑢𝑢𝑚𝑚−1 +𝑢𝑢𝑚𝑚 𝑊𝑊 𝑡𝑡𝑚𝑚−1 −𝑊𝑊 𝑡𝑡𝑚𝑚−2  
+⋯+ 𝑢𝑢1 + 𝑢𝑢2 + ⋯+ 𝑢𝑢𝑚𝑚 𝑊𝑊(𝑡𝑡1)} 
=𝐸𝐸𝑒𝑒𝑥𝑥𝐸𝐸{𝑢𝑢𝑚𝑚 𝑊𝑊 𝑡𝑡𝑚𝑚 −𝑊𝑊 𝑡𝑡𝑚𝑚−1  
∗ E𝑒𝑒𝑥𝑥𝐸𝐸 𝑢𝑢𝑚𝑚−1 +𝑢𝑢𝑚𝑚 𝑊𝑊 𝑡𝑡𝑚𝑚−1 −𝑊𝑊 𝑡𝑡𝑚𝑚−2  
∗ E𝑒𝑒𝑥𝑥𝐸𝐸 𝑢𝑢1 + 𝑢𝑢2 + ⋯+ 𝑢𝑢𝑚𝑚 𝑊𝑊(𝑡𝑡1)  

=𝑒𝑒𝑥𝑥𝐸𝐸 1
2

(𝑢𝑢𝑚𝑚)2 𝑡𝑡𝑚𝑚 − 𝑡𝑡𝑚𝑚−1 ∗ 𝑒𝑒𝑥𝑥𝐸𝐸 1
2

(𝑢𝑢𝑚𝑚−1 + 𝑢𝑢𝑚𝑚)2 𝑡𝑡𝑚𝑚−1 − 𝑡𝑡𝑚𝑚−2 ∗ ⋯ 

∗ 𝑒𝑒𝑥𝑥𝐸𝐸
1
2 (𝑢𝑢1 + 𝑢𝑢2 + ⋯+ 𝑢𝑢𝑚𝑚)2 𝑡𝑡1  



Alternative characterizations of 
Brownian motion 

• Let (Ω,ℱ,𝑃𝑃) be a probability space 
 

• For each 𝜔𝜔 ∈ Ω, there is a cont. function W 𝑡𝑡 , 𝑡𝑡 ≥ 0,𝑊𝑊 0 = 0 
and that depends on 𝜔𝜔. The following three properties are 
equivalent. 
 

For all 0 = 𝑡𝑡0 < 𝑡𝑡1 < ⋯ < 𝑡𝑡𝑚𝑚 
(1) the increments 
𝑾𝑾 𝒕𝒕𝟏𝟏 = 𝑾𝑾 𝒕𝒕𝟏𝟏 −𝑾𝑾 𝒕𝒕𝟎𝟎 ,𝑾𝑾 𝒕𝒕𝟐𝟐 −𝑾𝑾 𝒕𝒕𝟏𝟏 , … ,𝑾𝑾 𝒕𝒕𝒎𝒎 −𝑾𝑾 𝒕𝒕𝒎𝒎−𝒕𝒕  

   are independent and each of these is normally distributed with 
𝑬𝑬 𝑾𝑾 𝒕𝒕𝒊𝒊+𝟏𝟏 −𝑾𝑾 𝒕𝒕𝒊𝒊 = 𝟎𝟎,  

𝑽𝑽𝑽𝑽𝑽𝑽 𝑾𝑾 𝒕𝒕𝒊𝒊+𝟏𝟏 −𝑾𝑾 𝒕𝒕𝒊𝒊 = 𝒕𝒕𝒊𝒊+𝟏𝟏 − 𝒕𝒕𝒊𝒊 
 



Alternative characterizations of 
Brownian motion 

(2)The random variables 𝑾𝑾 𝒕𝒕𝟏𝟏 , 𝑾𝑾 𝒕𝒕𝟐𝟐 , … ,𝑾𝑾 𝒕𝒕𝒎𝒎  are jointly 
normally distributed with means equal to zero and covariance 
matrix. 
 
 
 
(3)The random variables 𝑾𝑾 𝒕𝒕𝟏𝟏 , 𝑾𝑾 𝒕𝒕𝟐𝟐 , … ,𝑾𝑾 𝒕𝒕𝒎𝒎  have the joint 
moment-generating function 

𝑒𝑒𝑥𝑥𝐸𝐸
1
2 (𝑢𝑢𝑚𝑚)2 𝑡𝑡𝑚𝑚 − 𝑡𝑡𝑚𝑚−1 ∗ 𝑒𝑒𝑥𝑥𝐸𝐸

1
2 (𝑢𝑢𝑚𝑚−1 + 𝑢𝑢𝑚𝑚)2 𝑡𝑡𝑚𝑚−1 − 𝑡𝑡𝑚𝑚−2

∗ ⋯∗ 𝑒𝑒𝑥𝑥𝐸𝐸
1
2 (𝑢𝑢1 + 𝑢𝑢2 + ⋯+ 𝑢𝑢𝑚𝑚)2 𝑡𝑡1  

 



Filtration for Brownian Motion 
• Def. 3.3.3 
Let (Ω,ℱ,𝑃𝑃) be a prob. space defined on a Brownian motion 
W 𝑡𝑡 , 𝑡𝑡 ≥ 0. 
A filtration for the Brownian motion is a 
collection of 𝜎𝜎 − 𝑉𝑉𝑎𝑎𝑎𝑎𝑒𝑒𝑎𝑎𝑉𝑉𝑉𝑉𝑠𝑠 ℱ 𝑡𝑡 , t ≥ 0, satisfying: 
(1) (Information accumulates) 
For 0 ≤ 𝑠𝑠 < 𝑡𝑡, ℱ 𝑠𝑠 ⊆ ℱ 𝑡𝑡  
(2) (Adaptivity) 
For each 𝑡𝑡 ≥ 0, W 𝑡𝑡  𝑖𝑖𝑠𝑠 ℱ 𝑡𝑡  𝑚𝑚𝑠𝑠𝑎𝑎. 
(3) (Independence of future increments) 
For 0 ≤ 𝑡𝑡 < 𝑢𝑢, the increment W 𝑢𝑢 − W 𝑡𝑡  is indep. of ℱ 𝑡𝑡   



Def. Adaptivity 

• Let △ 𝑡𝑡 , 𝑡𝑡 ≥ 0, be a stochastic process. We 
say that △ 𝑡𝑡  is adapted to the filtration ℱ 𝑡𝑡  
if for each 𝑡𝑡 ≥ 0 the random variable △ 𝑡𝑡  is 
ℱ 𝑡𝑡  -measurable. 



Martingale Property for Brownian 
Motion 

• Theorem 3.3.4.  
Brownian motion is a martingale. 
proof: 
Let 0 ≤ 𝑠𝑠 ≤ 𝑡𝑡 be given. Then 
𝐸𝐸 W 𝑡𝑡 ℱ 𝑠𝑠 = 𝐸𝐸 W 𝑡𝑡 − W 𝑠𝑠 + W 𝑠𝑠 ℱ 𝑠𝑠  
= 𝐸𝐸 W 𝑡𝑡 − W 𝑠𝑠 ℱ 𝑠𝑠 + 𝐸𝐸 W 𝑠𝑠 ℱ 𝑠𝑠  
= W 𝑠𝑠 . 



3.4 Quadratic Variation 

• First-Order Variation 
Choose a partition ∏ = {𝑡𝑡0, 𝑡𝑡1, … , 𝑡𝑡𝑛𝑛} of [0,T] 
which is a set of times 0 = 𝑡𝑡0 < 𝑡𝑡1 < ⋯ < 𝑡𝑡𝑛𝑛 = 𝑇𝑇 
The maximum step size of the partition: 

||∏|| = max
𝑗𝑗=0,…,𝑗𝑗−1

(𝑡𝑡𝑗𝑗+1 − 𝑡𝑡𝑗𝑗) 

Then we define first-order variation: 

𝐹𝐹𝑉𝑉𝑇𝑇 𝑓𝑓 = lim
||∏||→0

� |𝑓𝑓 𝑡𝑡𝑗𝑗+1 − 𝑓𝑓(𝑡𝑡𝑗𝑗)|
𝑛𝑛−1

𝑗𝑗=0
 



Mean Value Theorem 

• Let 𝑓𝑓′(𝑡𝑡) is defined everywhere 

∀𝑡𝑡𝑗𝑗 , 𝑡𝑡𝑗𝑗+1  ∃𝑡𝑡𝑗𝑗∗ ∈ 𝑡𝑡𝑗𝑗 , 𝑡𝑡𝑗𝑗+1   s.t. 
 

𝑓𝑓 𝑡𝑡𝑗𝑗+1 − 𝑓𝑓(𝑡𝑡𝑗𝑗)
𝑡𝑡𝑗𝑗+1 − 𝑡𝑡𝑗𝑗

= 𝑓𝑓′(𝑡𝑡𝑗𝑗∗) 

 



Mean Value Theorem 



Mean Value Theorem 

𝑓𝑓 𝑡𝑡𝑗𝑗+1 − 𝑓𝑓(𝑡𝑡𝑗𝑗)
𝑡𝑡𝑗𝑗+1 − 𝑡𝑡𝑗𝑗

= 𝑓𝑓′ 𝑡𝑡𝑗𝑗∗ ⟹ 𝑓𝑓 𝑡𝑡𝑗𝑗+1 − 𝑓𝑓 𝑡𝑡𝑗𝑗 = 𝑓𝑓′ 𝑡𝑡𝑗𝑗∗ (𝑡𝑡𝑗𝑗+1 − 𝑡𝑡𝑗𝑗) 

 

⟹ 𝐹𝐹𝑉𝑉𝑇𝑇 𝑓𝑓 = lim
||∏||→0

� |𝑓𝑓 𝑡𝑡𝑗𝑗+1 − 𝑓𝑓(𝑡𝑡𝑗𝑗)|
𝑛𝑛−1

𝑗𝑗=0
 

= lim
||∏||→0

� |𝑓𝑓′ 𝑡𝑡𝑗𝑗∗ |(𝑡𝑡𝑗𝑗+1 − 𝑡𝑡𝑗𝑗) 
𝑛𝑛−1

𝑗𝑗=0
(Riemann sum) 

= � |𝑓𝑓′ 𝑡𝑡𝑗𝑗∗ |
𝑇𝑇

0
𝑑𝑑𝑡𝑡 



Quadratic Variation 

• Definition 3.4.1. 
• Let 𝑓𝑓(𝑡𝑡) be a function defined for 0 ≤ 𝑡𝑡 ≤ 𝑇𝑇. 
The quadratic variation of 𝑓𝑓 up to time 𝑇𝑇 is 
 

𝑓𝑓, 𝑓𝑓 𝑇𝑇 = lim
||∏||→0

� [𝑓𝑓 𝑡𝑡𝑗𝑗+1 − 𝑓𝑓(𝑡𝑡𝑗𝑗)]2
𝑛𝑛−1

𝑗𝑗=0
 

where∏ = {𝑡𝑡0, 𝑡𝑡1, … , 𝑡𝑡𝑛𝑛} and 0 = 𝑡𝑡0 < 𝑡𝑡1 < ⋯ < 𝑡𝑡𝑛𝑛 = 𝑇𝑇 
 



Quadratic Variation 

• Remark 3.4.2. 
• Suppose the function f has a continuous derivative. By 

mean value theorem 
 

� [𝑓𝑓 𝑡𝑡𝑗𝑗+1 − 𝑓𝑓(𝑡𝑡𝑗𝑗)]2
𝑛𝑛−1

𝑗𝑗=0
= � [𝑓𝑓′ 𝑡𝑡𝑗𝑗∗ ]2(𝑡𝑡𝑗𝑗+1 − 𝑡𝑡𝑗𝑗)2

𝑛𝑛−1

𝑗𝑗=0
 

≤ ||∏||� [𝑓𝑓′ 𝑡𝑡𝑗𝑗∗ ]2(𝑡𝑡𝑗𝑗+1 − 𝑡𝑡𝑗𝑗)
𝑛𝑛−1

𝑗𝑗=0
 



Quadratic Variation 
and thus 

𝑓𝑓, 𝑓𝑓 𝑇𝑇 ≤ lim
||∏||→0

[||∏|| ∗� [𝑓𝑓′ 𝑡𝑡𝑗𝑗∗ ]2(𝑡𝑡𝑗𝑗+1 − 𝑡𝑡𝑗𝑗)
𝑛𝑛−1

𝑗𝑗=0
] 

= lim
||∏||→0

||∏|| ∗ lim
||∏||→0

� [𝑓𝑓′ 𝑡𝑡𝑗𝑗∗ ]2(𝑡𝑡𝑗𝑗+1 − 𝑡𝑡𝑗𝑗)
𝑛𝑛−1

𝑗𝑗=0
 

= lim
||∏||→0

||∏|| ∗ � 𝑓𝑓′ 𝑡𝑡 2𝑑𝑑𝑡𝑡
𝑇𝑇

0
= 0 

 
In the last step of this argument, we use the fact that 𝑓𝑓′ 𝑡𝑡  
is continuous to ensure that ∫ 𝑓𝑓′ 𝑡𝑡 2𝑑𝑑𝑡𝑡𝑇𝑇

0  is finite. 
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