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Theorem 4.4.9 

Proof: 
  𝐸𝐸𝐸𝐸 𝑡𝑡 = 𝐼𝐼 0 = 0 

  𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉 𝑡𝑡 = 𝐸𝐸𝐼𝐼2 𝑡𝑡 = ∫ ∆2𝑡𝑡
0 𝑠𝑠 𝑑𝑑𝑑𝑑 

moment-generating function: 
 





 
 

 
is a martingale. 
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Proof 

Let 
 
and 
 
then 



 
 
 

 
note: 
Theorem 4.4.9 implies that R(t) is normally 
distributed 
 



Properties with the Vasicek model 

• the undesirable property that there is positive 
probability that R(t) is negative 
 

• the desirable property that the interest rate is 
mean-reverting 





expected value of R(t) 

Set  𝑓𝑓 𝑡𝑡, 𝑥𝑥 = 𝑒𝑒𝛽𝛽𝑡𝑡𝑅𝑅(𝑡𝑡) 



expected value of R(t) 



variance of R(t) 

Set  X(t) = 𝑒𝑒𝛽𝛽𝑡𝑡𝑅𝑅(𝑡𝑡) 



variance of R(t) 

According to the Ito-Doeblin formula 
 
 
 
Integration of ( 4.4.37) yields 



variance of R(t) 



variance of R(t) 



variance of R(t) 
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